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Abstract
We describea mixture densitypropagationalgorithmto estimate3D humanmotionin monocularvideo

sequences,basedon observationsencodingtheappearanceof image silhouettes.Our approach is discrim-
inative rather than generative, therefore it doesnot require the probabilistic inversion of a predictiveob-
servationmodel. Instead,it usesa large humanmotion capture data-baseand a 3D computergraphics
humanmodel,to synthesizetraining pairs of typical humancon�gurations,togetherwith their realistically
rendered2D silhouettes.Theseare usedto directly learntheconditionalstatedistributionsrequiredfor 3D
bodyposetracking, andthusavoidusingthe3D modelfor inference. We aimfor probabilisticallymotivated
tracking algorithmsand for modelsthat can estimatecomplex multivaluedmappingscommonin inverse,
uncertainperceptioninferences.Our paperhasthreecontributions: (1) weclarify theassumptionsandde-
rive thedensitypropagationrulesfor discriminative inferencein continuous,temporal chainmodels;(2) we
propose�exible representationsfor learningmultimodalconditionalstatedistributions,basedon compact
Bayesianmixture of expertsmodels;and(3) wepresentempirical resultson real andmotioncapture-based
testsequences,andgivecomparisonsagainstnearest-neighborandregressionmethods.

Keywords: densitypropagation, mixture modeling, hierarchical mixture of experts,3D humantracking,
Bayesianmethods,sparseregression.

1 Intr oduction and Moti vation

We considertheproblemof trackingandreconstructing(inferring) 3D articulatedhumanmotion
in monocularvideo sequences.This is a challengingresearchtopic with a broadsetof applica-
tionsfor sceneunderstanding,but ourargumentappliesgenerallyto temporalestimationproblems.
Approachesto trackingandmodelingcanbeclassi�edasgenerativeanddiscriminative. They are
similar in that both requirea staterepresentation,herea 3D humanmodelwith kinematics(e.g.
joint angles)and/orshape(e.g. surfacesor joint positions),andthey both usea setof imagefea-
turesasobservationsfor stateinference.Theircomputationalgoalis alsocommon:theconditional
distribution (or apointestimate)for themodelstate,givenimageobservations.

Generative algorithms requirea constructive form of the the observer (the observation like-
lihood or costfunction),andexplicitly usethe 3D modelfor inference.This processis complex
andsearchesthe statespacein order to locatethe peaksof the likelihood (e.g. usingnon-linear
optimizationor sampling).ThenBayes'rule is usedto computethemodelstateconditionalfrom
the observation conditionalandthe stateprior. Learningin theseframeworks canbe both unsu-
pervisedandsupervised.This includespriors on the state[13, 20, 44], dimensionalityreduction
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[10, 58, 60, 47] or learningthe hyperparametersof the observation model(e.g. textureandcolor,
ridge or edgedistributions usingproblem-dependent,naturalimagestatistics,etc.) [19, 43, 40].
Temporalinference(tracking)is framedin a clearprobabilisticandcomputationalframework, e.g.
mixtureor particle�lters andbeyond[23, 44, 13, 51,22, 53].

It hasbeenarguedthatgenerative modelscan�e xibly reconstructcomplex unknown motions,
andcannaturallyhandleproblemconstraints.It hasbeencounter-arguedthatboth �e xibility and
modelingdif�culties lead to expensive, highly-uncertaininferences[13, 44, 51, 48], and that a
constructive form of theobserver is somewhat indirectwith respectto theproblemat hand,which
requiresconditionalstateestimationandnotconditionalobservationmodeling.

Theseargumentsmotivatethecomplementarystudyof discriminati ve algorithms [9, 34, 42,
39, 3, 2, 15], thataim to estimatethestateconditionaldirectly in orderto simplify inference.For
this purpose,they work supervised,and usea set of examples(samples),�����
	���
�����
��������

������� �"!

from the joint distribution of typical 3D humancon�gurations � pairedwith their 2D
imageappearance(i.e. observations)� , andfocusonmodelingonly this`relevant' datadistribution.
Inference,on theotherhand,involvesmissingdata,unlike learningthatis supervised.But learning
is alsodif�cult, becausemodelingperceptualdataoftenproduceshighly multimodaldistributions.
[44, 48, 47].1 While this implies that, strictly, the inversemappingfrom observationsto statesis
multi-valuedandcannotbefunctionallyapproximated,severalmethodsaimedto do so[42, 5, 34,
57, 3, 2]. Someauthorsconstructeddatastructuresfor fastnearest-neighborretrieval [42, 5, 57, 34]
or learnedregressionparameters[3, 2, 15]. Inferenceinvolved either indexing for the nearest-
neighborsof theobservationandusingtheirstatefor locally weightedpredictions,directprediction
usingthelearnedregressorparameters[3, 2, 15], or af�ne reconstructionfrom joint centers[32, 54,
34].

Amongdiscriminativemethods,anotableexceptionis [39], whoclusteredtheirdatasetinto soft
partitionsandlearnedfunctionalapproximations(e.g. perceptronsor regressors)within each.How-
ever, clusterwisefunctionalapproximation[37, 12,39] is only goinghalfwaytowardsamultivalued
inversion,becauseinferenceis not straightforward. The problemis that themodelrepresentsthe
joint distribution andnot theconditional.Therefore,for new inputs,cluster/ perceptronmember-
shipprobabilitiescannotbecomputedasduring(supervised)learning,becausethestateis missing.
Thelearnedmixturecoef�cients arenotusefuleitherbecausethey are(the�x ed)averagesover the
trainingset.Thereforeit is not clearwhatapproximatoror setof approximatorsto usefor any new
observation. Variouspost-hocstrategiesbasedon �nding input clusterneighborsmaybeused,but
thesefall outof theestimatedmodelthatis notoptimizedto consistentlycomputesuchqueries.On
theotherhandaveragingacrossdifferentclusterpredictorscangivepoorresults(see�g. 2 for adis-
cussion).Nevertheless,clusterwiseregression[37, 12, 39] is usefulasa proposalmechanism,e.g.
duringgenerative inferencebasedonquadrature-styleMonte-Carloapproximations,andindeedthis
is how it hasbeenprimarily used[39]. A relatedmethodhasbeenproposedby [30], wherethey �t
amixtureof probabilisticPCAto thejoint distribution, consistingof silhouettefeaturesin multiple
views pairedwith their 3D pose,andreconstructusingMAP estimates.In this imagingsetting,the
stateconditionalcouldbeunimodal,but missingdatamakesinferencenonentirelytrivial.

To summarize,it hasbeenarguedthatdiscriminative modelscanprovide fastinferenceandcan
interpolate�e xibly in the trainedregion. But they canfail on novel inputs,especiallyif trained

1This re�ects thestructureof theproblemandnot a particularmodeling.E.g. think of conversationsobserved from
a side,wheregesturespointing towardsor away from the cameraarecommon. Humanscaninitiate a largevariety of
motionsstartingfrom passive (e.g. stand-up)positions.Many statetrajectorieswill intersectandproduceambiguityin
suchregions.
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usingsmall datasets.Increasingthe training setor the complexity of motion inevitably leadsto
multimodalstateconditionals(seealsoour # 3). But learningsuchdistributions is dif�cult, and
mostexiting methods[42, 57, 30, 3, 2, 15] areunimodal. Finally, discriminative methodslack a
clearprobabilistictemporalestimationframework thathasbeensofruitful with generative models
[23, 13, 43, 51]. Existing trackingalgorithms[38, 57, 3, 2, 15] involve per-framestateinference,
possiblyusingestimatesatprevioustimesteps[57, 3, 2, 15], but donot rely onaprovedsetof inde-
pendenceassumptionsor propagationrules.Whatdistributionsshouldbemodeledandhow should
they becombinedfor optimalsolutions?This problemis non-trivial andtheanswerhasimportant
implicationsfor thecorrectnessof trackingresults.

Thework we presenthasthr eecontributions:

1. We proposea probabilisticframework andderive the densitypropagationrulesin discrim-
inative, continuous,temporallychainedmodels. Thereexist, of course,belief propagation
algorithms[22, 53] that in principle apply to any graphicalmodel. However, they haven't
beenusedin a discriminative trackingframework, andwe arenot awareof prior work that
derived conditionalsthat arerelevant for this problem. Also, differently from [22, 53], we
work parametricallyto estimateandpropagatemixtures.

2. WedescribeBayesianconditionalmixtureof experts2 representationsthatallows�e xible dis-
criminative modeling.Ouralgorithmsarebasedonhierarchical[24, 28, 61, 7] andjoint mix-
tureof experts[63, 59], whichareelaboratedversionsof clusterwiseor switchingregression
[37, 12, 39], wheretheexpertmixtureproportions(calledgates)arethemselvesobservation-
sensitive predictors,synchronizedacrossexpertsto give properlynormalizedstatedistribu-
tionsfor any inputobservation. Inferenceis simpleandproducesmultimodalstatecondition-
als. Learningis differentfrom [61] in thatwe usesparsegreedyapproximations,anddiffers
from [7, 59] in thatwe usetype-II maximumlikelihoodBayesianapproximations[33, 56],
andnotstructuredvariationalones.

3. We demonstrateour methodsfor real and motion capture-basedtest sequences,and give
comparisonswith nearestneighborandregressionmethods.

2 Formulation

Wework with discriminativegraphicalmodelswith achainstructure,asshown in �g. 1,Thesehave
continuoustemporalstates�%$ , &'�

�������)(

, prior *+	,�

�

� , observations �-$ . For notationalcompact-
ness,we alsoconsiderjoint states./$0�1	,�

�

���

�

�

�����

����$2� or joint observations 34$5�6	��

�

�

�����

�)�7$2� .
Learningandinferenceis basedon localconditionals:*+	,��$ � ��$�8

�

� , *+	,��$ � �9$2� , and*�	,��$ � ��$�8

�

�)�9$2� .

2.1 Discriminati veDensityPropagation

For �ltering, we wish to computetheoptimaldistribution *+	,�
$

� 3
$

� for thestate�
$ , conditionedby

observations 3:$ up to time & . The�ltered densitycanbederivedas:

*�	,��$ � 3;$2�<�>=
?-@BA�C-*�	,��$ � ��$�8

�

�)�7$2�D*+	,��$�8

�

� 3;$�8

�

� (1)

2An expert is any functionapproximator, e.g. a perceptronor regressor.
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Figure1: A discriminativechainmodel(a, left) reversesthedirectionof thearrowsthatlink thestate
andtheobservation,comparedwith a generative one(b, right). Thestateconditionals*+	,�E$ � �7$2� or

*+	,��$ � ��$�8

�

�)�9$2� canbelearnedusingtrainingpairs,anddirectlypredictedduringinference.Instead,a
generativeapproach(b)will modelandlearn*�	�� $ � � $ � anddoamorecomplex probabilisticinversion
to compute*+	,�F$ � �7$2� via Bayes'rule.

Proof

Thefollowing propertiescanbeveri�ed visually in �g. 1a,usingaBayesball algorithm:

��$HGIGJ.:$�8

�

� ��$�8

� (2)

�9$HGIGJ3K$�8

� (3)

��$HGIGJ3;$�8

�

� ��$�8

�

�)�7$ (4)

.:$�8

�

GIGL�9$ (5)

In this modelthe observationsaremarginally independent. Notice how this is differentfrom
a generative chainmodel(�g. 1b),wheretheobservationsareconditionallyindependent, giventhe
states.

*+	,��$ � 3;$2�E�
=�?

@DA�C-*+	,��$�����$�8

�

� 3;$�8

�

�)�7$2�<� (6)

�
=

?
@DA�C

*+	,��$ � ��$�8

�

�)3;$�8

�

�)�7$2�D*+	,��$�8

�

� 3K$�8

�

�)�9$2�<� (7)

�M=�?N@DA�C-*+	,��$ � ��$�8

�

�)�7$2�D*�	,��$�8

�

� 3;$�8

�

� (8)

wherein thelastline we used:

(4) OP*+	,��$ � ��$�8

�

�)3K$�8

�

�)�9$2�Q�R*+	,��$ � ��$�8

�

�)�9$2�

(5) OP*+	,��$�8

�

� 3K$�8

�

�)�9$2�<�R*+	,��$�8

�

� 3K$�8

�

�

In practice,we do estimationusing the mixture conditionalsfor *+	,�Q$ � ��$�8

�

�)�9$�� (a Bayesian
mixture of expertsc.f. # 2.2) andthe prior *+	,�+$�8

�

� 3K$�8

�

� , eachhaving, say S components.We
�rst integrateS

�

pairwiseproductsof Gaussiansanalytically. Thisrequiresthelinearizationof our
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(generally)non-linear, but parametric(i.e. easilydifferentiable)stateconditionals.The meansof
thisexpandedposteriorareclusteredandthecentersareusedto initialize a reducedS -component
approximationthatis re�ned usingvariationaloptimization[48].

A �ltering propagationrule like (1) canalsobederivedfor a generativechain model3 (�g. 1b)
[46], wherewedirectly learnobservation-basedstateconditionals*+	,�<$ � �7$2� , to simplify inference:

*+	,��$ � 3K$��UT

*�	,��$ � �7$2�

*+	,��$2�

= ? @BA
C *+	,��$ � ��$�8

�

�D*�	,��$�8

�

� 3;$�8

�

� (9)

with normalizationfactor*�	��N$2��VW*+	��9$ � 3;$�8

�

� and*�	,��$2�Q�MX

? @BA�C

*+	,��$ � ��$�8

�

�D*+	,��$�8

�

� .

The form (9) shows a striking analogywith the generative propagationone [18, 23] (based
on which it is derived),exceptfrom theunpleasantstate-dependentdivision (weighting)by *+	,� $ �

that resultsfrom theapplicationof Bayes'rule to invert thegenerative conditional*+	���$ � ��$2� . Over
long time series,*�	,� $ � approachesthe stateequilibrium distribution, underconditionaldynam-
ics *+	,�F$ � ��$�8

�

� and an approximationcould be precomputed.But (9) remainsmore complex to
implement. It requiresrecursively propagating*+	,�+$ � 3K$2� andcomputing*+	,�%$2� , two mixture sim-
pli�cation levels(insidetheintegrandandoutsideit throughthemultiplicationby *+	,�E$ � �9$2� ), anda
division(weighting)by *�	,�%$2� . Ontheotherhand*+	,�%$ � ��$�8

�

�)�7$2� requiresmoretrainingdatabecause
of higherinputdimensionality4. In wouldbeinterestingto studysuchpracticaltrade-offs, aswell as
thesubtledifferencebetweenestimatesbasedon discriminative andgenerative chainmodels(with
differentindependenceproperties[46]), but wewill notpursuethishere.

2.2 BayesianMixtur e of Experts (BME)

This sectiondescribesour methodologyfor learningmultimodalconditionaldistributionsfor dis-
criminative tracking(e.g. *�	,�%$ � ��$�8

�

� , *+	,��$ � �9$2� or *+	,�F$ � ��$�8

�

�)�7$2� in # 2.1).Ourproposalis motivated
by the fact that many perceptionproblemslike reconstructionor trackinginvolve the recovery of
inverse,intrinsically multivaluedmappings.Staticor dynamicstateestimationambiguitiestrans-
lateinto multimodalconditionaldistributionsin �g. 1. To representthem,we useseveral `experts'
thataresimplefunctionapproximators.Theexpertstransformtheir inputs5 into outputpredictions
thatarecombinedin a probabilisticmixturemodelbasedon Gaussianscenteredaroundthem.The
modelis consistentacrossexpertsandinputs,i.e. themixing proportionsof theexpertsre�ect the
distribution of the outputsin the training set,andthey sumto 1 for every input. Somedomains
canbe predictedcompetitively by multiple expertsandwill have multimodalconditionals.Other
`unambiguous'inputsmaybepredictedby asingleexpert,with theotherseffectively switched-off,
having negligible probability(see�g. 2). This is therationalebehindaBayesianmixtureof experts
andprovidesa powerful mechanismfor contextual modelingof complex multimodaldistributions.
Formally this is describedby:

3Notice that `explaining away' [27] preventsa simplefactorizationof Y[Z]\

@�^

\

@BA
C`_baW@bc

in (1), for the discriminative
chainmodelin �g. 1a,basedon Y[Z]\

@
^ a

@
c

andY[Z]\

@
^

\

@BA
C
c

. While \

@BA�C

and
a

@

aremarginally independent,they become
conditionallydependentwhenobserving\

@

.
4In fact,(1) canbederivedevenmoregenerally, basedonapredictiveconditionalthatdependsona largerwindow of

observationsup to time d [46].
5The`inputs' canbeeitherobservations

a @

, whenmodelingY[Z]\

@�^ a @,c

, statesfor Y[Z]\

@�^

\

@BA
C�c

, or observation-statepairs
Z]\

@BA�C
_ba

@
c

for Y[Z]\

@
^

\

@BA�C
_ba

@
c

. The`output' is thestatethroughout.
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Here � areinputorpredictorvariables,� areoutputsor responses,
o

areinputdependentpositive
gates,computedin termsof functions

s

	��p� i 
 � , parameterizedby i 
 (
s

shouldbe chosento be
boundedandproducepositive

o

, we give functionalchoicesin # 2.2.2and # 2.2.3). Notice how
oare normalizedto sum to 1 for consistency, by construction,for any given input � . Also * are

Gaussiandistributions(12) with covariancesh
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, centeredat different`expert' predictions,here
kernel( y ) regressorswith weights fz
 . Theparametersof themodelincludingexpertsandgates
arecollectively storedin {��|�
	b}'
���f~
�� h•
2�Wi€
b�E�•���

�������

S

!

. As in many Bayesiansettings[33,
56, 7], theweightsf‚
 (andgatesi€
 ), arecontrolledby hierarchicalpriors,typically Gaussianswith
0 mean,andhaving inversevariancehyperparameters}


 controlledby a secondlevel of Gamma
distributions. This gives an automaticrelevancedeterminationmechanism[33, 56] that avoids
over�tting, andencouragescompactmodelswith fewernon-zeroweightsfor ef�cient prediction.

Learning themixtureof expertsmodelsis somewhatcomplex, detailedmodelsandalgorithms
aregiven in the next sections.As in many predictionproblemswe optimizethe parameters{ to
maximizethelog-likelihoodof adataset, �x�|�
	��



���



�+�`�Q�

�������W�"!

, i.e. theaccuracy of predict-
ing � given � , averagedover thedatadistribution. For learning,a full Bayesiantreatmentrequires
computingposteriordistributionsover parametersandhyperparameters.Becauseexact computa-
tionsareintractable,werely onapproximationsanddesigniterativeBayesianEM algorithms,based
ontype-II maximumlikelihood[33, 56]. TheseuseLaplaceapproximationfor thehyperparameters
andanalyticalintegratetheweights,which in thissettingbecomeGaussian[33, 56].

Ouralgorithmsproceedasfollows. In theE-stepweestimatetheposterior:

ƒ

	,�Q�)�[� f~
�� h•
��Wip
q�Q�

o

	��[� i„
b�D*�	,�e� ����f~
`� h
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�

(13)

This givesthe probability that theexpert � hasgeneratedthe data,andrequiresknowledgeof
both inputs and outputs(there is one

ƒ

for eachexpert-trainingpair). In the M-step we solve
two optimizationproblems,onefor eachexpert andonefor its gate. The �rst learnsthe expert
parameters	,f†
`� h•
b� , basedon training data � , weightedaccordingto the currentmembership
estimates

ƒ

(the covariancesh

 are estimatedfrom expert predictionerrors[61]). The second

optimizationteachesthegates
o

how to predict
ƒ

.6 Thesolutionsarebasedon ML-II, with greedy
(regressorweight)subsetselection.This strategy aggressively sparsi�estheexpertsby eliminating
inputswith smallweightsaftereachiteration[55, 56, 31].

Inferenceis straightforward using(10). The result is a conditionalmixture distribution with
componentsandmixing probabilitiesthatareinput-dependent.

6Predictionbasedon the input only is essentialfor inference,wheremembershipprobabilities(13) cannotbecom-
putedbecausetheoutputis missing.
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Figure2: Expertsandgates�tted usingdifferentmodels(seetext). First two rows show results
usingthe modelin # 2.2.2. Thebottomtwo rows show resultsbasedon modelsin # 2.2.3. Notice
thattheestimatesfor theexpertsaresimilar, but thegatesaresomewhatdifferent.However, despite
minor inaccuracies,all methodsproducewell-�tted models,with outputdistributionscloseto the
original trainingset.

In �g. 2 we explain the Bayesianmixture of expertsmodelingthroughan illustrative toy ex-
ample.We show differentmodelsthatuselinearandGaussiankernelexperts,aswell asdifferent
gatingfunctions,aspresentedin # 2.2.2and # 2.2.3.Ourdataset,shown alsoin [7], consistsof about
250valuesof ‡ generateduniformly in 	�ˆ[�

�

� andthenevaluatedas ‰Š�J‡Š‹"ˆ

�•Œ�Ž)•I•

	b‘N’j‡��“‹R” , with
” drawn from azeromeanGaussianwith standarddeviation0.05.Noticethat *+	,‡�� ‰�� is multimodal.
The�rst two rowsshow amodel�tted asin # 2.2.2wheresthelastusesamodeldescribedin # 2.2.3.
(a) First row, left shows thedatacoloredby theposteriormembershipprobability

ƒ

(13) of three
expertkernelregressors.(b) Firstrow, middleshowsthegates

o

(11), asafunctionof theinput(�rst
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iteration),but alsothethreeuniform probabilitiesthatwould becomputedby a clusterwiseregres-
sor [37, 12, 39]. (c) First row, right shows samplesfrom a generative conditionalmodelthathas
not yet converged(secondgateiterationcorrespondingto (b). Notice the overestimatedvariance
of themiddlegatewith excesscontributionsaway from its true,central,input operatingrange.(d)
Secondrow, left givesthemostprobableexpertasa functionof theinput aswell astheir weighted
averageusingtheuniformmixing coef�cients of thejoint. (e)Secondrow, middleshow thegatesat
convergence(f) Secondrow, right shows400samplesfrom theestimatedmodel.(g,j) Third / Fourth
row, left shows thedata�tting usingamixtureof Gaussiankernel/ linearregressorsin # 2.2.3.(h,k)
middleand(i,j) right show thegatesanddatageneratedfrom themodel. In (k) we alsoshow the
mixing proportionsof thejoint, see# 2.2.3.

2.2.1 Mixtur e of Experts Modeling Assumptions

Conditionalmixtureof expertsmodelsdiffer in theirassumptionsabouttheinputdistributionandin
thewaythe(conditional)targetis computed.Directmethods[24, 28, 61, 7] estimatetheconditional
directly usingEM doubleloop algorithms.InternalM-stepiterationis oftenrequired(at least)for
estimatingthegateparameters,see# 2.2.2.Otheralgorithmsusedvariationalapproximationsin or-
derto boundtheconditionallikelihoodupdateandavoid iterative M-steps[25]. Direct conditional
methodsoftendo notmodelthedistribution over theinputs(�g. 3a),althoughthisneedsnot bethe
case.Indirectmethods[63, 59] modelthejoint distribution,andoftenrepresenttheirinputstochasti-
cally (�g. 3b). Theconditionalcanin principlebeobtainedfrom thejoint[37, 12, 39], usingBayes's
rule, conditioningandmarginalization(see # 2.2.3). Earliermethods[39], however, assumeduni-
form inputsanddid not computea conditional.Instead,they clusteredthe joint distribution based
on theaccuracy of expert (regressor, perceptron)predictionsandworked with this representation.
In thenext two sectionswedescribebothdirectconditionalmixtureof expertsmodels,andindirect
joint methodsbasedon randomregression,andgive their modelsandlearningalgorithms.

Figure3: Graphicalrepresentationsfor two conditionalmodels.(a, left) directconditionalmodel
(a, middle)doesnot includea distribution over the inputs � ; (b, right) assumesboth inputsand
outputsarestochasticvariables.See�g. 4 and�g. 5 for detailson possibleimplementations.

2.2.2 BayesianConditional Mixtur e of Experts

In this conditionalmixturemodel,thedatagenerationprocessassumes
�

datapointsareproduced
by oneof S experts,selectedin a stochasticmanner. This canbemodeledby indicator(hidden)
variables•x�x�7–p—™˜›š
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Figure4: Thegraphicalmodelfor aconditionalBayesianmixtureof experts.

Theprobabilityof eachexpert is a Gaussiancenteredat its prediction f§
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The conditional(prior) probability of selectingexpert � , given the input only, is implemented
usingsoftmax. This ensuresthat the expert outputsareprobabilisticallyconsistent(positive and
sumto 1), for any giveninput:
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Theconditional(posterior)probability
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The posterioris only availableduring learning. For inference(prediction)basedon (14), the
learnedprior (16) is used.

Thegateandexpertweightshave Gaussianpriorscenteredat zero,with variancecontrolledby
a secondlevel of Gammahyperpriors.This avoidsover�tting andprovidesanautomaticrelevance
determinationmechanism,encouragingcompactmodelswith few non-zeroexpertandgateweights,
for ef�cient prediction[33, 35, 56, 7]:
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Theparameters	�Á„�WÂ�� aresetto ÁÈ�

�

ˆ

8

�

and ÂÉ�
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ˆ

8€Ê togivebroadhyperpriors[7, 33,35, 56].
We train our BME model in a maximumlikelihood framework using EM. We work with a

completedataset �7�;�W•

!

, including the observed training data � and the hiddenvariables • .
Giventhecurrentvaluesof theparameters{ , theE-stepcomputesthedistribution over thehidden
variables*+	b•4� �K�W{F� . This is doneusing(17). The M stepmaximizesthe expectedvalueof the
completedatalikelihood*+	��K�W•4� {F� . ThisEM schemecanbecastin avariationalframework where
we optimizethe Ë•ÌŸ	qÍ;�]� *j� divergencethat involvesthe intractablejoint *+	,fg�W¢Î�W}Š�`£��W•4� �Ï� and
anapproximateseparablefactorizationÍÐ	,fg�W¢É� h:�W}•�`£Ñ�W•Ï� (dependency on input � is omitted):

ÍÐ	b{H�W•Ï�<�MÍ;	,f§�W¢Î� h:�W}•�`£Ñ�W••�<�>ÍÐ	,fg�W}Ï� hÐ��Í;	b¢5�`£½��ÍÐ	b•Ï� (23)

This is equivalentto minimizing thevariationalfreeenergy:
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Optimizing ÍÐ	,fg�W}Ï� h;� involvesthecomputationof S Gaussiandistributionsfor theweights
of eachexpert. Onepossibility, followed in [61] is to usea weightdecayprior (correspondingto
ridgeregression)andnot anARD mechanism.In this case,estimatingtheexpertparametersleads
to convex least-squaresproblemswhereasestimatingthe gatesrequiresLaplaceapproximations.
Instead,we usesparsepriors andthis makesboth problemsnon-convex. For theexperts,we use
Laplaceapproximationfor the hyperparameters( } ) andanalytically integratethe weights( f ),
that in this settingbecomeGaussian[33, 35, 56]. For thegates,we computea setof S Gaussian
distributions ÍÐ	b¢É�`£Î� usingLaplaceapproximation,by maximizingthecross-entropy betweenthe
posteriorprobability

o

and the posteriorprobability
ƒ

(17) [28]. This is basedon an iterative
procedure(the equationsfor the gatesarecoupled)that usesa second-orderdampedtrust region
optimizationmethod[17, 14] andnot IRLS [28]. Thisdouble-loopalgorithmis summarizedbelow
[28, 61]:
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2. M-step: For eachexpert, solve weightedregressionproblemwith data �
	��

—™˜›š

���

—™˜›š

�Î�9œM�

�������•�Ü!

andweights
ƒ

—™˜›š




to update	,f~
`�W}Ÿ
2� hÏ
b� . This involvesLaplaceapproximationfor
thehyperparametersandanalyticalintegrationfor theweights,andoptimizationwith greedy
weightsubsetselection[55, 56, 31].

3. M-step: For eachgatingnetwork � , solve regressionproblemwith data 	��
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, with sparsepriorson
thegateweightsandgreedysubsetselection[55, 56, 31]. WeuseLaplaceapproximationfor
thehyperparametersandfor theweights.
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2.2.3 Mixtur e of Experts basedon RandomRegressionand Joint Density

A differentapproachto estimatea conditionaldistribution is to model the joint distribution over
inputsandoutputsandthenobtaintheconditionalusingBayes'rule. While thismodelis somewhat
indirect,potentiallywastefulof resources,i.e. moredif�cult to estimatedueto higherdimension-
ality, working with a Gaussianmixtureeasessomeof thecomputations,which in this casecanbe
performedanalytically. Assumefor generality, a full covariancemixturemodelof the joint distri-
butionover input-outputpairs 	,�Q��Ý+� , givenby (33)and(35):
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Theconditional*+	,�e� ���W{F� canbeobtainedfrom (27)usingBayes'rule:
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TheGaussianfamily is closedundermarginalization.This removeslinesandcolumnsfor the
variablesthatareintegrated.Thenumeratoris obtainedby Gaussianconditioning:
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Working with a mixturemixtureof regressors,furtherconstrainsthegeneralform above. As-
suminga distribution over both inputsandoutputs,themixtureof randomregressions[41, 59] is
givenby thegraphicalmodelin �g. 5. It is a constrainedjoint mixturemodelwith componentpro-
portions

ä


 , input meansandcovariancematrices	

æ




�

é


�� andexpertparameters	b}Ñ
���fr
`� h•
q� (as
in theconditionalmodelof # 2.2.2).
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Figure5: Thegraphicalmodelof a joint mixturebasedonrandomregression.
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Theconditionaldistributionover theresponses� , giventhecovariates� in themixtureof linear
regressionsmodelis:
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Proof: We write the joint distribution as a mixture model, with Gaussianinput and output
marginal components:
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Denotethequadraticform in theexponentof (33)as ý , andrewrite it as:
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Thejoint covariancematrix for component� , �Ï
 is:

� 
 �‚Þ

é


 ‹ìf

®




h 
 f 
 êÉf

®




h 


ê½hÏ
Bf~
 hÏ


á

8

�

�†Þ

é




é


Bf

®




fr


é


zf~


é


Bf��




‹ h•


á

(39)

Thejoint distribution (33) canthusbeshown to give (31), asclaimed.However, at �rst glance,
it is not obvious why the conditionalshouldhave the form in (32). It indeedquali�es asa gate
functionwith mixing proportionsthatarepositive andsumto 1. Themixing proportions

ä


 of the
joint alsoappearinsidetheformulafor thegates.Authorsworkingwith this form (32), e.g. [63, 59]
introducedit asasoneconvenientparametricchoiceof gatefunction,motivatedby simpli�ed es-
timationandimproved input modeling,now measuredwith error(see�g. 4, �g. 5). Moreover, the
conditional(32) is preciselythedistribution obtainedfrom thejoint (31) usingBayes'rule. By re-
placingthemeansandcovariancesof themixtureof linearregressionsin (31)and(39), into (29), we
obtain(32). Therefore,estimatingthejoint modelin (33) givesthenecessaryparametersfor com-
putingtheconditionalusing(32). To estimatethejoint model,we introducehiddenvariableswith
similar interpretationasfor theconditionalin # 2.2.2. Thenthe joint distribution over parameters,
hyperametersandcompletedata �7�K�W•

!

canbewritten,similarly with (25), using(33) as:
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Thegatedistribution is:
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Basedon (13)and(42), theposteriordistribution over thehiddenvariablesis:
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Themixing proportions,meansandcovarianceupdatecanbeobtainedby maximizingthecross-
entropy betweentheprior

o

andtheposterior
ƒ

[28, 63]:

13



ä


F�

t

Ù˜

n

�

ƒ

—ž˜Nš




�

(45)

æ




�

t

Ù

˜

n

�

ƒ

—™˜›š




�

—™˜›š

t

Ù

˜

n

�

ƒ

—™˜›š




(46)

é


 �

t

Ù

˜

n

�

ƒ

—ž˜Nš




	��

—ž˜Nš

ê

æ




�¸	��

—ž˜Nš

ê

æ




���

t

Ù

˜

n

�

ƒ

—ž˜Nš




(47)
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to update	,f 
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 � . This involvesLaplaceapproximationfor
the hyperparametersand analyticalintegration for the weights. Optimizationusesgreedy
weightsubsetselection[55, 56, 31].

3. M-step: For eachgatingnetwork � , computemixing proportions,meansandcovariancesby
maximizingthecross-entropy between
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and
ƒ

. Theupdatesaregivenby (45),(46)and(47).
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A note on mixtur e of expertsalgorithms. Both algorithmsgivenin # 2.2.2and # 2.2.3areuseful
for estimatingcompactconditionalmixtureof expertsmodels.They arebasedondifferentassump-
tions7 randomnessin the input andthey have differentcomputationaldemands.The conditional
model in # 2.2.2 requiresinternalM-step iterationswhenestimatingthe parametersof the gates.
But computingthe gatesfor predictionhascomplexity �4	bS��

�

¥

�

� where � controlsthe sparsity
of eachexpert, e.g. 	�
 êã‘�	�
 in our experiments.The randomregressionmodel # 2.2.3givesa
somewhatsimplerM-stepwhenlearningthegatesalthoughcomputationallythis involvesinverting
possiblylargecovariancematrices.Gatecomputationhas �4	bS>¥�
7� complexity (boththesemaybe
simpli�ed usingsparsitypriorsontheinputmeansandcovariances,e.g. usingWishartdistributions
[59], but the factoris cubic in the input dimensionvs. quadraticin thedirect conditionalmodel).
Thesedifferencesmaynotbesigni�cant for moderateinputdimensions,but maybeimportantwhen
trainingconditionalslike *�	,�%$ � ��$�8

�

�)�9$2� , for high-dimensionalstateandfeaturespaces.

3 Experiments

This sectiondescribesour experimentsaswell asthe trainingsetsandfeatureswe use. We show
resultson realandarti�cially renderedmotioncapture-basedtestsequences,andgive comparisons
with existing methods.

Training Set,Model Representationand ImageFeaturesIt is dif�cult to obtaingroundtruth for
humanmotionandevenharderto trainusingmany viewpointsor lighting conditions.Therefore,to

7More subtleissuesconcerntheapproximationcapacityof thegatesandtheir positivenessandintegrability, aswell
astherelationbetweentheresultingconditionalandthejoint.

14



gatherdata,we useasothers[39, 42, 3, 2, 57], packageslike Maya(Alias Wavefront),with realis-
tically renderedcomputergraphicshumansurfacemodelswhich we animateusinghumanmotion
capture[1]. Ourhumanrepresentation( � ) is basedon anarticulatedskeletonwith sphericaljoints,
andhas56 d.o.f. including global translation.Our databaseconsistsof about3000samplesthat
involve a varietyof humanactivities includingwalking, running,turns,gesturesin conversations,
quarrelingandpantomime.

We have doneanempiricalanalysison how ambiguousa 2000sampletrainingsubsetis. This
is shown anddiscussedin �g. 6.
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Figure6: Analysisof `multimodality' for a trainingset(the`numberof clusters'axison logscale):
(a) Left: *+	,�F$)� �9$2� (1912 clusters/ 2000 points). (b) Right *+	,�+$ � ��$�8

�

�)�7$2� (1912 clusters/ 2000
points). (c) *�	,�F$ � ��$�8

�

�)�7$2� (1409clusters/ 2000points). We clusterthe featuresandjoint angle
vectors,independently, into a largenumberof clusters.Webuild histogramsfor thenumberof joint
angleclustersthatfall underthesamefeaturecluster. This quanti�eshow muchambiguityis there
in the database,at the featureand joint angleclusterscale. We selectmany clustersto simulate
theeffect of smallperturbationsin the input. In thosecasesany featureneighbor(not necessarily
thedesiredone)maybetheclosestto aninput silhouettequery. Theinput neighborhoodinducesa
distributionover joint angles.Wenoticethatevenatthis �ne scale,theconditionalsaremultimodal.
Decreasingthenumberof clustersin (c) sharplyincreasesmultimodality. Workingwith theprevious
stateandthecurrentobservation (middleandright plot) doesnot eliminateambiguity. This is not
wild, but severeenoughto causetrackingfailure or signi�cant errorsduring initialization (so we
observe in varioustests).Weexpectincreasingambiguityfor largertrainingsets.

Our choiceof imagefeaturesis basedon previously developedmethodsfor shapeandtexture
modeling[11, 34, 6, 34]. We work with silhouettesandwe assumethat in real settingsthesecan
be obtainedusing a statisticalbackgroundsubtractionmethod(we useone basedon separately
built foregroundandbackgroundmodels,usingnon-parametricdensityestimation[16, 8]), or from
motion segmentation. Silhouettesare informative for humanposeestimation[45, 49], although
proneto certainambiguities(e.g. the left / right limb assignmentin sideviews) or occasionallack
of observability of someof thed.o.f. (e.g.

���

ˆ�� ambiguitiesin theglobalazimuthalorientationfor
frontal views). Thesearemultiplied by intrinsic forward / backward monocularambiguities[51]
thatarecommonin many humaninteractionscenarios.8 As imagefeatures,we useshapecontexts
extractedon thesilhouette[6, 34] (5 radial bins,12 angularbins,with bin sizerange1/8 to 3 on
log scale). We have alsoexperimentedwith pairwiseedgeangleanddistancehistograms[4, 42]

8While no imagedescriptorset is likely to easilyhelp discriminatethem, this further motivatesour probabilistic,
multiple hypothesisapproach.
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collectedinsidethesilhouette.Thefeaturesarecomputedat avarietyof scalesandsizesfor points
sampledon thesilhouette.To work in a commoncoordinatesystem,we clusterall featuresin the
training set into Ël���×ˆ clusters(in our experiments).To computethe representationof a new
shapefeature(a point on thesilhouette),we `project' ontothecommonbasisby (inversedistance)
weightedvoting into the clustercenters.To obtainthe representation( � ) for a new silhouettewe
regularly sample(about100)pointson it' s contourandaddall their featurevectorsinto a feature
histogram.This representationis semi-local,rich andhasbeeneffectively demonstratedin many
applications,includingtexturerecognition[11] or poseprediction[34, 42,3, 2].

Figure7: Af�nity matricesfor (from left to right, on eachrow) joint angles(JA), externalcontour
shapecontext (SC)andinternalcontourpairwiseedge(PE)silhouettefeatures:(a) Top row: side
walk. Notice the periodicityaswell asthehigherfrequenciesin the (SC) matrix causedby half-
cycle ambiguitiesfor silhouettes;(b) Middle row: complex walk; Bottomrow: conversations.The
joint angleandimagefeaturescorrelatefar less.

ComparisonsWe compareour Bayesianmixtureof experts(BME) conditionalmodelswith other
competingmethodslike weightednearestneighbor(NN) or therelevancevectormachine(RVM)
[56]. Our testsetconsistsof a variety of humanactivities obtainedusingmotion-captureandar-
ti�cially rendered.This providesgroundtruth andallows us to concentrateon thealgorithmsand
factorout thevariability givenby theimperfectionsof ourhumanmodel,or thenoisein thesilhou-
etteextractionin real images.The resultsareshown anddiscussedin (thecaptionof) table1. In
generalour BME givesbetteraverageestimatesandsigni�cantly lower maximumerrors,andthe
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errorscanstill be reduced.Sincethe testsdo not useany form of temporalcoherence,it is clear
thatamultiplehypothesistracker andsmoothercansigni�cantly improve theresults,especiallyfor
aBayesianmultiplehypothesismethodlike ours,whereweexplicitly modeluncertainty. It maybe
thecasethatoccasionallythe incorrectmodewasselected,but this maybe far lessoften thecase
in tracking,becauseof composingwith the temporalprior. Variousvisual resultsfor thesetests
areshown in: �g. 8 (walking); �g. 9 (running); �g. 10 (complex walk); �g. 12,13(conversations);
�g. 14 (pantomime).

Figure8: Reconstructionof a walking sequenceusing *+	,��$ � ��$�8

�

�)�7$2� . First row: original images;
Secondrow: reconstructedposesseenfrom thesameviewpoint.

Real Image Sequences.Walking, Picking and Dancing We have alsorun Bayesiantrackers on
differentreal imagesequenceswith humansdoingdifferentactivities like walking �g. 15, picking
�g. 17 anddancing�g. 19. We track usingthe propagationrule in (9) andmixture of expertsin

# 2.2.3,with 5 hypothesesand the training set containsabout75 framesof side-viewed walking
amongexamples.Trackingwalking is successful,hereweshow framesfrom a3ssequence,60fps.
Occasionally, thereareleg assignmentambiguitiesthatmayconfusea unimodaltracker ascanbe
seenin the bottomrow of �g. 15. Notice also that the af�nity matricesfor 3D joint anglesand
for imagefeaturescorrelatequitewell (�g. 7), far betterthat for othermotionslike conversations
or complex walking. This may give an intuition aboutthe dif�culty of learningvariousinverse
mappingsfor theseactivities.

In �g. 17, we show the result of tracking a real imagesequenceconsistingof 2 secondsof
video, 60 fps. Our experimentsinvolve both Bayesiansinglehypothesistrackingusinga single
expert, propagatedusing(1), aswell asmultiple hypothesestrackingbasedon a BME model in

# 2.2.3,learnedusing5 expertsthatareregressorswith RBF kernelsanddegreeof sparsityvarying
between5%-25%.We initially testedthesinglehypothesistracker. This failed to track,asshown
in �g. 16, most likely becauseits input kernelsstop�ring dueto an out-of-rangeinput predicted
from theprevious timestep.To factorout theeffect of imperfectsilhouettesor initialization9, and
to make surethat failure is dueto motion or featurerepresentationambiguities,we alsotried to
tracka similar sequenceusingarti�cially renderedimages,generatedfrom a similar motionin our

9In all cases,we initialize usingthe conditional Y[Z]\

@2^ aW@bc

, learnedusingBME. For singlehypothesistracking,we
selectthemostprobablecomponent.
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Figure9: Trackinga `running' sequenceusing*�	,�+$ � ��$�8

�

�)�9$2� . First row: Original imagesequence.
Secondrow: Reconstructionseenfrom thesameviewpoint. Third row: Reconstructionseenfrom
a differentsyntheticviewpoint (noticehow the right forearmslightly penetratesthe body in the
secondimageon thebottomrow).

database.Evenin thatcase,thesinglehypothesistracker failed. In �g. 17 we show resultsfrom a
multiple hypothesisBME tracker, thatsuccessfullytracksandreconstructsthemotion. While the
reconstructionis perceptuallyplausible,thereareimperfections– e.g. noticethat the kneeof the
modelis tiltedoutwardwhereasthekneeof thehumanis tilted inward.In fact,weobservepersistent
multimodality for thosejoints moreactively moving, e.g. the right wrist, the right femur andthe
right shoulder, which have, quite constantly, about5 modesin their posterior. In general,in the
beginningof thesequencethereis moreambiguityfor almostall thejoints,but it tendsto fadeaway
during tracking. However, the joints that areoccludedor very muchproject insidethe silhouette
tendto have persistentambiguities.Somerelevantquantitative resultsareshown in �g. 18.

Weconcludewith someexperimentswherewetrackandreconstructusingaBME trackerbased
on the propagationrule (1) andconditionalmodel in # 2.2.2. We work with a morechallenging
dancingsequenceand include about100 dancingexamplesin the training set. The resultsare
shown in �g. 19. Although the poseswe reconstructarenot geometricallyperfectand thereare
someerrorsat thearmsandlegs,they givegoodperceptualresults.Quantitative trackingresultsare
shown in �g. 20.

4 Conclusions

Wehave presentedamixturedensitypropagationframework for temporalinferenceusingdiscrim-
inative models.We arguedthatdespitetheir success,existing methodsdo not offer a formal man-
agementof uncertainty, andwe explainedwhy currentrepresentationscannotmodelmultivalued
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Figure10: Trackinga complex `walking, shake handandturning' sequenceusing *+	,�E$ � ��$�8

�

�)�7$2� .
First row: Original imagesequence.Secondrow: Most probablereconstruction(hypothesis)seen
from the sameviewpoint. Third row: the secondmostprobablereconstruction(notice

���

ˆ
� turn

ambiguities)aswell asambiguitiesof thearmsandlegsthatverymuchresembleforward-backward
�ipping ambiguities[51, 52].
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Figure11: Jointanglesfor acomplex walkingsequence:(a), left shown in �g. 10andconversation,
(b) middleand(c) right, shown in �g. 12,13. Notice that thebimodality in (a) cannotberesolved
by an RVM or NN estimator. Occasionallythereareerrorsin the multiple hypothesisestimator,
but theseare quite infrequent,about ��
 , and thesetruely re�ect fundamental

���

ˆ�� orientation
ambiguitiesfor very similar input features.In many suchcasesthecorrectposewill beeitherthe
�rst or thesecondmostprobablemode.Noticealso �Nˆ�� ambiguitiesin theconversationsequence
(b) asapparentin thesecondmostprobablemode.

relationshipsthatarepervasive in inverse,perceptionproblems.We contribute by deriving the in-
dependencepropertiesanddiscriminative densitypropagationrulesin continuous,temporalchain
models,andby proposingcompactBayesianmixture of expertsmodelscapableof learningmul-
timodal conditionals.We show resultson real andsyntheticallygeneratedimagesequences,and
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Figure12: Conversationsequence.Estimatesobtainedusing *+	,�Q$W� �7$2� . First row: Original image
sequence.Secondrow: Most probablereconstruction(hypothesis)seenfrom thesameviewpoint.
Third row: Most probablereconstructionseenfrom a differentviewpoint. Notice variousrecon-
structionerrors. Similar con�gurationsmay be alsofound aslocal optimawhendoing inference
basedon generative models. For silhouettefeatures,many spuriouspeaksmay be eliminated(or
signi�cantly downgraded)usingmoreconsistentobservation likelihoods[45, 49]. This is onead-
vantageof constructive observationmodelingin generative approaches.

givecomparisonsagainstnearestneighborandregressionmethods.Ourstudysuggeststhat�e xible
conditionalmodelinganduncertaintypropagationareboth essentialfor successfultracking. We
hopethat this work will bring discriminative andgenerative trackingalgorithmscloser, andhelp
stimulatea fruitful debateon their relative advantages,within acommonprobabilisticframework.
Futur e Work We plan to do a detailedsensitivity analysisw.r.t. motionsandshapesthat deviate
from the training set. We will alsostudyalternative, morecompactstateandfeaturerepresenta-
tions basedon dimensionalityreduction,andinvestigatescalingaspectsfor large motion capture
databases.
Acknowledgments: CristianSminchisescuwantsto thankAllan Jepsonfor many insightful dis-
cussionson thetopicspresentedin thispaper. Theauthorsacknowledgefundingfrom NSERCand
NSF.
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�)�9$2� hasmemory).
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$
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Figure17: First row: Original imagesequence.Secondrow: Imagesilhouettes.Third row: Re-
constructionseenfrom the sameviewpoint usedfor training, Fourth row: Reconstructionseen
from asyntheticviewpoint. Noticethatdespitenoisysilhouettes,ourprobabilistictracker basedon
Bayesianmixtureof expert(BME) conditionalscanreconstructthemotionwith reasonablepercep-
tual accuracy (however, thereareimperfections,e.g. the right kneeof thesubjectis tilted inward,
whereastheoneof themodelis tilted outward). A singlehypothesisBayesiantracker fails on the
samesequence,see�g. 16.
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