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Abstract. In late 60’s, Graham and Knowlton introduced the WIP
(wire identification problem) that affected electricians: match the wires
in the ceiling to those in the basement while making the fewest trips.
We revisit this problem and study its variants and generalizations; we
provide a combinatorial characterization of the solution(s) in terms of an
associated hypergraph and obtain nearly tight bounds on the minimum
number of trips.
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1 Introduction

In the 60’s, Graham and Knowlton [2, 3] introduced the WIP which we study in
this paper in its variations and generalizations.

Wire Identification Problem (WIP): Suppose that there is a cable con-
sisting of n insulated wires that goes from the basement of a building to its
top floor. All the wires look alike. The wires get jumbled on the way. There-
fore one does not know how the n terminals at the bottom are matched with
the n terminals at the top. An electrician needs to determine this matching.
He can electrically connect disjoint sets of wires at the basement, and in one
trip to the top floor, he can determine the groups of wires that are connected
by testing circuit continuity. If two groups of equal sizes are connected at the
bottom, he would determine the two groups of wires at the top floor but not
the precise group to which the wires belong. Thus each trip can provide partial
information about the matching between the terminals at the two ends. He can
make multiple trips, in each trip connecting different subsets at the basement.
The wire identification problem (WIP) is to find the minimum number of trips
needed to determine the matching, as well as, to design an algorithm that finds
the minimum-trip solution.

Note that each trip consists of connecting groups of wires at the bottom,
going to the top, and checking the connections. We will only be concerned with
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the number of trips as the measure of cost; the time it takes for the electrician
to determine the matching after he has made the requisite number of trips is not
considered.

Observe that it is impossible to determine the matching for n = 2, but there
is an algorithm for all n > 2. The WIP can be seen as part of the general area of
combinatorial group testing [1]. In this paper we study variants of the WIP which
arise from placing some restrictions on the way the wires can be connected. The
following is one such variant.

What is the minimum number of trips needed to solve the WIP if we
restrict the size of the groups to at most 27

The known solutions of WIP do not satisfy the properties required in our
variants. Aside from being interesting in themselves, these variants may also
have some practical relevance. Our solutions to all the problems are based on a
characterization of the solutions to the WIP using the automorphism structure
of a hypergraph associated with the problem. The solution to the variant above
also gives solution to the unrestricted WIP superior to the previously known
solutions (see section 1.2).

We will now formally discuss the previous work and present the problems we
address in this paper.

1.1 Previous Work

In their original work, Graham and Knowlton [2] gave a solution involving 2 trips
using a certain type of partitions (called Knowlton-Graham (KG) partitions by
Knuth [4]). [n] denotes the set {1,... n}.

Definition 1. Partitions A = {A1,As,... ,Ap} and B = {B1,Bs,..., By} of
[n] = {1,2,...,n} are called KG partitions of [n] if for any j,k € [n] at most
one element of [n] appears in the intersection of a set from A of cardinality j
and a set from B of cardinality k.

It is easy to see that given the KG partitions .4 and B of [n], one can employ
A in the first trip and B in the second trip, and then readily identify the matching
using the coordinates (4, k). Thus only 2 trips suffice.

Ezample 1. Let m > 1 and n = (mgl). Consider partitions A = {41,..., A}
and B = {By,...,Bn} of [n], where A; = {(;) +j]11<j<i}and B; =
{j+ (;) | 7 <i<m}for1<i,j<m. Itisan easy verification that .4 and B
form KG partitions since

Anp G+ ifi<i<i<m,
' Y otherwise.

Graham [3] proved that the KG partitions exist for all n except 2,5, and 9.
Further work on the KG partitions can be found in Yang [8] and Knuth [4] who
studied the existence of KG partitions with some extra properties. Since these
are not of direct relevance to the present work, we do not discuss them here.



1.2 Owur Variants

It is easy to see that KG partitions must have some set of size at least 2(y/n).
The question then arises that whether it is necessary to have sets of large sizes
in order to solve the WIP. In particular, what happens if we only allow sets of
size at most 27 One might be confronted with such a situation when the testing
equipment is limited. This is the first variant we study. Surprisingly it again
turns out that 2 trips are always enough (except for n = 2) as we will show soon.
Moreover, the solutions have very simple and uniform structure independent of
n unlike KG partitions (which are not always trivial to find, and do not exist
for n =2,5,9). The second variant we study is a generalization of the WIP: now
we have WIP(n, k, 2) which is the minimum number of trips needed to solve the
WIP problem on n wires where each trip involves testing at most k& groups, and
each group has cardinality at most x. This is quite a realistic variant because
the number of groups that can be tested is limited by the number of parallel
circuits that can be tested in each trip. The Graham-Knowlton problem is about
WIP(n,n,n) and the first variant above is about WIP(n, n, 2). We provide nearly
tight bounds for the general quantity WIP(n, k, ). The third variant we study
is the hierarchical testing problem defined earlier where the groups tested form a
hierarchy. That is, once groups are formed for testing, for each subsequent trip,
we can only disconnect some of the wires from the groups, but not reconnect
the wires to form new groups. In other words, each group in a testing round is a
subset of wires from some group in the previous testing round. This is a top-down
view. This variant is very natural: if this was based on soldering connections, then
burning out connections is easier than resoldering; in chip manufacturing with
FPGASs, burning out connections is more scalable than refabricating connections.
There is one technical problem with this variant that it is possible that at some
step of the above procedure we get a group of size 2, for which we cannot
determine the matching under the hierarchical restriction. One way to get around
this is by being satisfied by groups of size 2. So the problem we need to solve
under the hierarchical restriction is to divide the set of terminals at the top
into groups of size at most 2 so that we know for each group which terminals
at the bottom correspond to it. We study WIP(n, n,n), the original Graham-
Knowlton problem under the restriction that the groups are hierarchical. Note
that KG-partitions are not hierarchical, so one needs a different approach. In
this case, we show that ©(Ig* n) trips are necessary and sufficient, which shows
the separation between the hierarchical and the non-hierarchical cases. Notation:
lg denotes logarithm to base 2; lg(i) n denotes lglg...lgn, where lg is applied 4
times; lg* n denotes the minimum natural number ¢ such that 1g(i) n < 1.

The rest of the paper is organized as follows. In Section 2 we present our
characterization of solutions to the WIP using hypergraph automorphisms. Us-
ing this characterization we study WIP(n, k, z). In Section 3 we solve the WIP
with sets of size 2 (x = 2) and extend it to general set sizes (arbitrary z) in
Section 4. Finally, we study the hierarchical version in Section 5. We present
other variations of interest in Section 6.



2 Characterization

We start with a general characterization of when a given testing procedure can
identify the matching.

Consider WIP(n, k, z) and let P be a procedure that solves the problem. P
tells us which wires to connect at the bottom in each trip. These connections
can be thought of as labelled hyperedges in a hypergraph on n vertices, namely,
b1, ba,...,b,, where these vertices correspond to the terminals at the bottom,
and label on an hyperedge is the number of the trip in which the terminals cor-
responding to its vertices are connected. We call this hypergraph the connection
hypergraph, and denote it by CG” . It completely specifies the testing procedure.

What the electrician observes on the top is completely specified by another
hypergraph, which we call the test hypergraph, and denote it by T'G”. Test
hypergraph has the terminals on the top level as vertices, namely, t1,%o, ... ,t,,
and a subset of terminals appears as a hyperedge with label i iff the subset of the
corresponding terminals at the bottom is connected in the i*" trip. A hyperedge
may get more than one label because it may exist in more than one trip. We say
that two test hypergraphs T'G; and T'Gs are isomorphic if there is a bijection
between their vertex sets that maps the hyperedges in T'G; to the hyperedges
in TG9 with the same label set.

Theorem 1. A procedure P can determine the matching of the terminals at the
two ends if and only if the automorphism group of its connection hypergraph
CG? s trivial (i.e., it only contains the identity).

Proof. The goal of the electrician is to label the vertices ¢1,...t, of the test
hypergraph TG” with by,...,b, so that t; gets the label b(t;), its matching
terminal at the bottom. The information available to him is the connection
hypergraph CG” at the bottom, and the test hypergraph TG” at the top.
Clearly CG? and TG? are isomorphic. Therefore each automorphism of
CG? defines a labelling of the vertices of TG by the b;’s. Each such labelling
is consistent with the tests. So the procedure succeeds iff there is exactly one
automorphism; in other words, when the automorphism group is trivial. O

It follows from theorem 1 that we can assume that the procedures are non-
adaptive, that is, the connections made in a round do not depend on the obser-
vations on the previous rounds. We can make this assumption because whether
a connection hypergraph is sufficient for solving the problem dependes only on
the automorphism group of the hypergraph and not on the mapping between
the terminals. We make this assumption from now on.

Theorem 1 leads us to some useful propositions, but first some notation. For
a procedure P that solves the WIP, let t¥ denote its number of trips. Let E¥
denote the total number of hyperedges in CG¥ . Let df denote the number of ver-
tices that have degree j in CG”. Now observe that the size of the automorphism
group of TG? is at least d}’!. This, in light of theorem 1, implies

Proposition 1. d} € {0,1}.



There can be at most kt” hyperedges. Moreover no two vertices of degree
1 in CG? belong to the same hyperedge, otherwise they give rise to at least 2
different automorphisms for TG”. Thus it follows that

Proposition 2. kt¥ > EF > df.

These propositions will be useful in section 4.

3 Only Sets of Size 2 Allowed

In this section, we study the “only pairing allowed” variant, i.e. x = 2 case.
First we assume there is no restriction on k, i.e. the number of pairs that can
be formed per trip. In this case the connection hypergraph is actually a graph.

Lemma 1. There exists an optimal 2 trip solution for WIP given any n > 2,
k < oo, and x = 2.

Proof. Observe that just one trip is insufficient to solve WIP, so at least 2 trips
are always needed. Now suppose n > 2 is odd. Consider following pairings for
trip 1 and trip 2 respectively:

(blv b2)7 (b?n b4)7 SRR (bnf% bnfl)a bn

and

b1, (b2,b3), (b, bs5), ..., (bn—1,bn).

The connection graph is a path (b1, ba,...,b,) with alternate (and equal
number of) edges labelled 1 and 2. Clearly it has the trivial automorphism group.
In fact, it is easy to see how an electrician can find the matching: to determine
the matching, when the electrician goes to the top, he marks off the edges which
exist during that trip. So when he is on the top for the second time, he sees the
test graph, ie, a path on {¢1,t9,... ,t,} in some order with alternate (and equal
number of) edges labelled 1 and 2. To determine the terminal matched to by,
he only needs to find the terminal which has degree 1 and lies on an edge with
label 1 in the test graph. Rest of the matching follows easily.

For n > 2 and even, we use above construction for the case of n — 1, leaving
out b, altogether. ]

We now consider bounds on k& and study WIP(n, k, 2). But first we need the
following simple fact.

Lemma 2. Given any two natural numbers d and N (> d) satisfying Nd = 0
mod 2, there exists a d-regular graph on N wvertices.

Proof. We provide below a method to build a d-regular graph on N vertices, call
it G4, given N and d that satisfy N > d and Nd =0 mod 2.

The simplest case is when N = d+1. Then Gy ¢4 = K441, the complete graph
on d + 1 vertices.



Now let D = {d+2,d+3,...,2d+1}. We claim that it is enough to consider
N € D. Otherwise, for N > 2d + 2, we can uniquely write N = m(d + 1) + r,
where r € {0}UD, and let Gy 4 be the union of m copies of K441 and G, 4. Note
that Go 4 is empty, elsewhere r > d and rd = Nd(=0) mod 2.

For the following discussion, let the vertex set Viy be {v1,ve,... ,vn}. Con-
sider d +2 < N < 2d. We first recursively build Gy 24—y on the vertex set
{v1,va,... ,v4}. Note that d(2d — N) = Nd =0 mod 2, and 0 < 2d — N < d.
Now

On,d = Ga2d—N U {(vp,vg)[1 <p<d,d+1<qg< N}

The only remaining case is N = 2d + 1. Then the condition Nd = 0 mod 2
implies that d is even.

Gaar1,da = {(vp,0g)[1 <p < d,d+1 < q < 2d} \ {(vp, vpya)|1 <p < d/2} U
U {(v2a+1,vp), (V2a+1, vp4a)|l < p < d/2}.

This completes the proof. O

Theorem 2. For given integers n,k > 0 satisfying n > 3k?/2 + 1, if

2n — 2
3k

—‘kEO mod 2,

then there is an optimal solution to WIP(n,k,2) with [273;2] trips. Otherwise
we need at most one more trip.

Proof. Let m be such that
3mk/2+1<n<3(m+1)k/2+1.

We have m > k, since n > 3k%/2 + 1. Let us suppose that (m + 1)k = 0
mod 2, and consider a vertex set Vi,,11 = {v1,v2,... ,Um+1}. By lemma 2, there
exists a k regular graph, G = Gp,41 k, o0 V1. There are I = (m + 1)k /2 edges
in G. Using G we construct a connection graph on n vertices by, ...b,, whose
automorphism group is trivial. Vertex v; identifies with the ith trip in a sense
explained below.

Case 1: n =0 mod 3. Drop r =1 —n/3 < k edges incident on v,,+1. So the
total number of edges in the resulting graph G’ is n/3. Label each edge in G’
arbitrarily with a unique b; where 1 < j < n/3. Now consider vertex v;. It has
l; < k edges incident on it, and each edge has a distinct label. Group these labels
arbitrarily into I; groups of size 1 each, and name these groups g}, g2, ..., gi
arbitrarily. Do this for every 1 < i < m+ 1. In all, there are 2n/3 groups of size
1, and each b; for 1 < j <n/3 occurs in exactly two groups.



We now modify these groups. Note that there are still 2n/3 unused b;’s. Start
putting them one by one in g1, ¢%,...,93,93,... until all b;’s are finished. Now
we have 2n/3 groups (edges of the connection graph) of size 2 each. Vertices
b; with 1 < j < n/3 each appear in 2 groups, and the remaining vertices each
appear in 1 group. The groups tested in trip ¢ are those which correspond to the
edges incident on vertex v;. This completes the construction.

Case 2: n =1 mod 3. Leave b, out, and repeat the construction given above
for n —1 =0 mod 3. Now we have 1 vertex of degree 0, 2(n — 1)/3 vertices of
degree 1, and the remaining (n — 1)/3 vertices of degree 2. Moreover there are
2(n — 1)/3 groups of size 2 each. Assignment of the trip number to the groups
is done as before.

Case 3: n = 2 mod 3. Leave b, out, and repeat the construction given above
forn—1=1 mod 3. Then the last trip must have < k edges. So pick any vertex,
say bj, that appears in some two earlier trips, but not in the last trip, and add
hyperedge (b, b,,) to the last trip. Now we have 1 vertex of degree 0 and degree
3 each, 2(n — 2)/3 + 1 vertices of degree 1, and the remaining (n — 2)/3 — 1
vertices of degree 2. Moreover there are 2(n —2)/3 + 1 hyperedges of size 2 each.
Assignment of the trip number to the groups is done as before.

The proof of correctness is as follows. Any automorphism of this connection
graph must map any degree 2 vertex b; (which appears in the group correspond-
ing to the edge (vg,v;) say) to itself since it is the only vertex common to the
concerned trips k£ and [. Now it follows that every degree 1 vertex must also
be mapped to itself since its neighbor is a degree 2 vertex which is forceably
mapped to itself. Therefore only the trivial identity automorphism can exist for
the connection graph we have constructed above.?

Note that, in light of theorem 4, this construction is optimal for all n >
3k2/2 +1if k [%] = 0 mod 2. Otherwise we need to consider the graph
G =0Gmi2ron m+2 = [%] + 1 (= 0 mod 2) vertices and do a similar
construction. This gives the overhead of at most one trip more than the optimal.

O

We above considered the case k& = O(y/n). The optimal 2-trip procedure
needs k = L"T_lJ What if we restrict k to somewhere in between? Of course,
for a fixed n, the number of required trips will increase as k decreases. What
is the threshold value of k at which the number of trips jumps from 2 to 3, or
from 3 to 4, and so on? Formally, let K (¢,n) denote the minimum k for which it
s possible to solve the WIP problem in t trips with x = 2. In what follows, we
avoid floors and ceilings to keep the formulas simple. It is a simple but tedious
matter to modify the expressions to be exact. Interestingly, while the threshold
for going from t to t + 1 is of the same general type for ¢t > 3, it is of a different
type for t = 2.

3 The proof of correctness in effect gives a simple and practical algorithm for the
electrician to identify matching.



Theorem 3. For any n > 2, and constant t > 2 we have,

O(1).n
K(2,n)=(1- W)?

K(t,n) = (1— %)%

Proof. For a given n, we have to find the minimum % such that a connection
graph with ¢ labels can be constructed with trivial automorphism group.

Suppose t = 2. It follows easily from our characterization that the connection
graph in this case is a union of paths of even (possibly 0) length (length of a
path is the number of edges in it) with edges alternately labelled 1 and 2. In
order to achieve the minimum k, we would like as many paths as possible of
different lengths. Clearly, we can have at most O(y/n) different lengths, and we
can get close to this by taking the paths of lengths 0, 2, 4, ... . Towards the end
of this process we may have the problem that we do not have enough vertices
to include a full path. In this case we just join a path on the remaining vertices
to the maximum length path already included. If this path is of odd length,
then we also connect the included path of length 0 in this path to get a path of
even length. It is easy to see that the labelling of the edges can be arranged so
that about the same number of labels of each type are used. This proves that
K(2,n) = (1—2)n/2.

Now we consider the case ¢ > 2. Now the connection graph is a more general
graph than the union of paths. We focus on the case ¢t = 3; larger ¢ is handled
similarly. Fix n > 2 and consider a connection graph with minimum k. Let us
classify its connected components as tree and mon-tree, depending on whether
the component is a tree. If the number of the tree components is ¢, then the
number of edges used in the graph is at least n — ¢. We will upper and lower
bound ¢ for connection graphs with ¢ = 3, and from that derive lower and upper
bounds on k.

First we prove the upper bound on k by constructing a connection graph with
n — n/(3logn) edges. The connection graph will be disjoint union of labelled
paths of length 31gn (number of edges) (one of the paths may be of smaller
length). Let us number the edges of the paths by 0,1,...,31gn — 1. Consider
the following type of labelling of the edges by 1, 2 and 3. For i any nonnegative
integer, edges numbered 3¢ get label 1, edges numbered 3¢ + 1 and 3¢ + 2 get
labels 2,3 or 3, 2.

Thus in any such labelling the first vertex of a path is on an edge labelled 1,
and the last vertex is on an edge labelled 2 or 3. The number of such labelled
paths is 2!8” = n. The test graphs of these labelled paths are nonisomorphic and
have trivial automorphism groups, and all paths use the same number of labels
of each type. Hence, taking the (vertex) disjoint union of n/(31gn) different
labelled paths (one of the paths may be of length less than 3lgn; its edges are
labelled 1, 2, 3 periodically to ensure that its automorphism group is trivial) we
get a connection graph which solves the problem. The total number of edges in



this graph is n —n/(31gn). Since the number of edges with each label is at most
one more than one third of this number (this is because of the possibility of the
path which is not of length 31gn). So we can take k <n/3(1—-1/(31gn))+1 <
n/3(1 —1/(41gn)) (for large enough n).

Now we prove the lower bound on k by showing an upper bound on the
number of tree components a connection graph, whose automorphism group is
trivial, can have. Here we will only require that the tree components in the con-
nection graph have trivial automorphism group and be pairwise nonisomorphic.
This is only a necessary condition for the connection graph to have trivial auto-
morphism group, and is in general not sufficient. The lower bound obtained on
k using this condition can be no larger than the actual lower bound.

Recall that since we are working with the case t = 3, the edges of our con-
nection graph are labelled by labels 1, 2 and 3 with no edges with the same label
being adjacent as that would give a group of size > 2. To construct a connection
graph with the largest possible number of tree components as above we start
with edge-labelled trees of size 1 and keep including more and more edge-labelled
trees of smallest possible size which have trivial automorphism group and are
not isomorphic to a previously included tree. In the end, it may not be possible
to add any more trees because not enough vertices are left. It is clear that the
graph constructed this way has the largest possible number of tree components
and has its automorphism group trivial. Actually, we have to do a little more in
order to keep k minimum possible. We do this by keeping the number of edges
with labels 1,2, 3 nearly equal, and so about (n — ¢)/3 (c is the number of tree
components).

For edge-labelled trees of size r with trivial automorphism group, we can
divide them into disjoint groups of size 3!, where the labelling of a tree in a
group is the same except the labels have been permuted in all possible ways.
Since our trees have trivial automorphism group, the trees in a group cannot be
isomorphic, and thus all the groups are of size 6. Now, in the above procedure
when including trees, we include trees in a group together. This keeps the number
of edges of each type equal, except perhaps at the last stage when we may not
be able to include a complete group or a complete tree. But the effect of this
will be negligible.

The number of distinct unlabelled trees (neither the edges nor the vertices
are labelled) with r vertices is asymptotically equal to U, = cjcy "r—%/2(1 +
0(1)), where co = 0.3383219..., and ¢; = 0.53494 . .. are constants ([6], see also
[5]). Using this, we estimate the number of edge-labelled trees. Our trees have
maximum degree upper bounded by 3, but the above more generous bound is
good enough for our purposes. It follows that the number of distinct edge-labelled
trees of size r with trivial automorphism group is at most U,.3" !, as we can label
the edges of a tree on r vertices in 3" =1 ways. Let f(r) denote the sum of the
sizes of edge-labelled trees of size < r with unlabelled vertices and edges labelled
by 1, 2 or 3 and trivial automorphism group. And let g(r) denote the number of
such trees. Then it follows from the above that g(r) < f(r) < 10" for r > 1. So
if r is the maximum size of a tree included in the above construction, then we



should have either f(r) =nor f(r—1) <nand f(r) > n and so r > lgn/1g10.
The construction in the upper bound proof above shows that » < 4lgn and
g(r) > 27/4. Since, g((Ign)/21g10) < f((lgn)/21g10) < 100e™)/2110 — /.
the remaining n — /n vertices are covered by trees of size > (Ign)/21g10, and
thus the number of such trees is at most (n — /n)/(lgn/21g10), and at least
(n —+/n)/(41gn). Thus the total number of trees used by the above procedure
is O(n/lgn).

It remains to specify what do we do in the last stage of the procedure when
some vertices remain but not enough to add an admissible tree. In such a case we
just add a minimal (in the number of edges) edge-labelled graph (not necessarily
a tree) on this last set of vertices, which is clearly of size O(lgn). This is the only
place where we do not have control over the relative number of edges with label
1 and 2, but since the number of edges needed here is at most O(lgn) (we can
always construct a graph with trivial automorphism group and linear number of
edges) this is insignificant compared to the total number of edges which is linear
in n.

Thus the number of edges in the graph constructed by the above procedure
is n — ©(n/lgn), and each label has n/3 — O(n/lgn) edges. O

4 The General Case

In this section, we derive tight lower and upper bounds for WIP(n, k, z) with
wide ranges of parameters n, k and x.

Lower Bound. We first show the lower bound.

Theorem 4. (Lower Bound) For given n,k > 0, x > 1 any procedure P solving

WIP needs at least Lf(gﬁ)—‘ trips. This lower bound is tight.

Proof. Since at most k hyperedges are allowed per trip, t* > E* /k. Moreover,
we claim that

P 2n — 2.
T x+1
This can be proved quite simply. Every hyperedge contains at most = vertices,
and there are dI vertices of degree i. Therefore,
tP
zE” > Z id! .

i=1

By proposition 2, E¥ > dT. Adding these two inequalities, (z+1)E? > 2 Zil dr.
By proposition 1, d) < 1. Therefore, Zil dP > n — 1. The result now follows.

We now show that this bound is tight. Let 7': N> — N and N : N> — N be
defined as follows: T'(a,b) = a(b—1) + 1, and N(a,b) = T'(a,b) - a(b+1)/2+ 1.

Fix k > 0 and 2 > 1. We demonstrate a solution for n = N (k, z) wires that
consists of t = T'(k,z) = % trips. To this end, we construct a connection
hypergraph on n vertices that has total kt hyperedges of size x each and its
automorphism group is trivial.

10



Construction: Start with a vertex set V; = {v1,va,...,v:}. Here again vertex
v; identifies with the it trip. Now consider complete graph K; on V;. Note that
there are | = (3) = (k(z — 1) + 1)k(z — 1)/2 edges in the graph. Label each edge
arbitrarily with a unique b; where 1 < j <.

Now consider vertex labelled v;. It has k(z — 1) edges incident on it, and
each edge has a distinct label. Group these labels arbitrarily into & groups of
size x — 1 each, and name these groups as g}, g2, ..., g’ arbitrarily. Define the
jth hyperedge of the ith trip by eg = {bit(i—1)kt5 U gg for 1 < j < k. Do this
for every 1 < i < t. This completes the construction. We have 1 vertex of degree
0, kt vertices of degree 1, and the remaining [ = n — kt — 1 vertices of degree 2.
Moreover there are kt hyperedges of size = each.

The proof of correctness is as follows. Any automorphism of this connection
hypergraph must map b,, to itself since it is the only vertex with degree 0. Same
is true for any degree 2 vertex since every pair of trips has precisely one distinct
vertex in common. Now it follows that every degree 1 vertex must also be mapped
to itself since its x—1 (> 0) neighbors are all degree 2 vertices, and they are being
forceably mapped to themselves. Therefore only the identity automorphism can
exist for the connection hypergraph we have constructed above. ]

Upper Bound. We provide a nearly tight upper bound in general.

Lemma 3. Fiz k > 0 and x > 2. Let m be a natural number satisfying m >
T(k,z)—1 and (m+ 1)k(z —1) =0 mod 2. Then there is a m+ 1 trip solution
for WIP instance with n wires, where

mk(z+1)/2+1<n<(m+1k(z+1)/2+1.

Proof. As before, we show how to construct the underlying connection hyper-
graph with trivial automorphism group.

Consider a vertex set Vi,11 = {v1,v2,... ,Umy1}. As before vertex v; identi-
fies with the ith trip. As observed earlier, there exists a k(z — 1) regular graph
G = Gmi1,k(@—1) o0 Viny1. There are I = (m + 1)k(z — 1)/2 edges in G. Label
each edge in G arbitrarily with a unique b; where 1 < j <. Consider vertex v;.
It has k(z — 1) edges incident on it, and each edge has a distinct label. Group
these labels arbitrarily into k groups of size £ — 1 each, and name these groups
g}, 92, ..., gk arbitrarily. Do this for every 1 < i < m + 1. Observe that there
are still n — [ unused b;’s. Put them one by one in g1, 9%, ... ,93,93,... until all
but one b;’s are finished. This completes the construction.

By construction, we have 1 vertex of degree 0, n—1—1 < (m+ 1)k vertices of
degree 1, and the remaining | = (m+1)k(x —1)/2 vertices of degree 2. Moreover
there are n — [ — 1 hyperedges of size x each, and (m + D)k(z +1)/2+1—n
hyperedges of size  — 1 each. The proof of correctness of this construction and
the related procedure is similar to the one given for the tight example in the
lower bound. ad

We can now conclude:
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Theorem 5. For given integers n,k > 0, and x > 2, satisfying n > k*(2? —
1)/2+1, if

2n — 2
—|k(z—1)=0 d2
| Hem1=0 moa2
then the construction above optimally solves WIP(n,k,x) using f,f(;fjj)] trips.

Otherwise it needs at most one more trip.

5 The Hierarchical Case

Theorem 6. WIP(n,n,n) has a solution, distinguishing wires up to pairs, with
O(lg" n) trips in which all groups tested are hierarchical.

Proof. Recall that in the hierarchical variant we only ask that the wires be
distinguished up to pairs. We first prove the upper bound. We show that in two
trips we can partition the wires into sets of size O(lgn), so that each such set is
distinguished from others, and hence we can recurse on each of these sets. This
immediately gives the desired O(lg* n) solution.

In the first step, we divide the wires into n/4(1gn)? sets of size (41gn)? each.
Next we partition the wires in each of these sets using partitions from the follow-
ing families. Parts in these partitions come from the pairs: {0,41gn}, {1,41gn —
1},{2,41gn —2},... ,{21gn,21gn}. Parts in each pair sum to 41gn, and these
parts are distinguishable from each other by their cardinalities. Partitions consist
of Ign distinct pairs from the set of above pairs. The number of such partitions
is at least (%;gn”) > n/4(Ign)?. So we can choose a unique partition for each of

the n/4(lgn)? sets, completing the proof. At the high level, this proof relies on
the observation that we do not need a lot of groups of different sizes; instead we
need the set of sizes that a given group is partitioned into to be different from
such sets for the other groups.

Now we prove the lower bound. We show that a (Ig*n)/2 — 2 step solution
is not possible. Suppose, for contradiction, that we have such a solution. For
the hierarchical case, it is useful to think of a solution in terms of an unlabeled
rooted tree, where the root of the tree represents the set of n wires; nodes at
level 1 (root is at level 0) are the sets at step 1, and so on. Thus the leaves are
singletons or pairs. A tree represents a valid solution iff its only automorphism
which maps root to the root is the identity. One of the following two cases occurs:
(1) All children of the root are of size at most lglgn; (2) there is a set of size
more than lglgn.

In the first case we show that it is not possible to distinguish between all
the children, which is a contradiction. In this case, children have at most lglgn
different cardinalities. Hence, for some such cardinality ¢, there will be at least
n/(lglgn)? children with size c. Since the number of unlabeled rooted trees
on m vertices is less than m™, the number of different rooted trees (there are
some extra constraints on the trees that we consider, but that only works to
our advantage in this argument) that one can have on ¢ < lglgn vertices is
(Iglgn)'ele™ < n/(lglgn)? (for n > 16). Hence there are two isomorphic subtrees
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rooted at children of size ¢, and thus the automorphism group of the whole tree
is not trivial. Therefore, case (1) does not happen.

Since case (1) cannot happen, the second case always happens. So at level
i there is a child of size at least 1g*V n (provided that g% =2 > 16). So the
tree has height at least (Ig" n)/2 — 2 for all n. O

We have seen that the classical WIP has non-hierarchical solutions with 2
trips. Thus there is a separation between the hierarchical and non-hierarchical
cases.

6 Concluding Remarks

Even though the variant of WIP considered in this paper allowed us to use sets
having size between 2 and x, we employed sets of only two different sizes, namely
z and x — 1, in the construction while our general result. The construction there
can be easily modified so that all sets are of size precisely z. Thus, our results
hold even when at most k sets of size precisely x are allowed per trip.

Yet another variant is that at least n — ¢ wires must remain unconnected per
trip. Therefore the only restriction is x < ¢. By treating this as a k = |¢/2]
and =z = 2 case in our original variant, we get a solution requiring 4';24 +0(1)
number of trips for n = £2(c?). This is not far from truth. In fact, one can show a
matching lower bound of [4%;4] by arguing similarly to the proofs in this paper.

There are a number of problems we have left open. A technical problem is
to determine K (¢,n) for general x (we only solved the x = 2 version here). An
interesting variation of this problem is to solve it when some of the tests are
faulty. Group testing in presence of errors is a well-studied topic [7], but errors
in the WIP can be quite rich: false positives and false negative for each group
tested in each trip. This makes the problems quite challenging.

Acknowledgment: We thank Michal Koucky for a conversation which started
this work.
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