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Abstract

We formalize the associative bandit prob-
lem framework introduced by Kaelbling as
a learning-theory problem. The learning en-
vironment is modeled as a k-armed bandit
where arm payoffs are conditioned on an ob-
servable input selected on each trial. We
show that, if the payoff functions are con-
strained to a known hypothesis class, learning
can be performed efficiently with respect to
the VC dimension of this class. We formally
reduce the problem of PAC classification to
the associative bandit problem, producing an
efficient algorithm for any hypothesis class for
which efficient classification algorithms are
known. We demonstrate the approach em-
pirically on a scalable concept class.

1. Introduction

Reinforcement learning is the problem of using experi-
ence to guide action selection to maximize utility. To
do so, three challenging problems must be solved:

e Temporal credit assignment: Actions have an
immediate cost or benefit, but may also affect util-
ity by changing the state of the world and there-
fore opportunities for future benefits.

e Exploration/exploitation: Action selection in-
fluences utility gathering, but also opportunities
for experience gathering—a reinforcement learner
chooses when to learn.

e Generalization: A learner should use its experi-
ence in similar states to minimize the amount of
redundant exploration it carries out.
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Ultimately, we seek algorithms with formal guaran-
tees that address all three challenges at once. As a
step in this direction, we ignore the temporal credit-
assignment problem in this paper and study a prob-
lem that requires exploration/exploitation and gener-
alization. Although we devised a provably correct al-
gorithm for the problem, we found that, under the
PAC-style performance metric we analyzed, a pure
exploration-based approach was sufficient to identify
a near-optimal policy. More sophisticated exploration
methods are required for a regret-based metric and
probably for extensions of the problem setting.

Section 2 defines the associative bandit problem. Sec-
tion 3 defines the associative-prediction problem and
shows how its solution solves associative bandit prob-
lems; the section also provides efficient solutions to
two special cases. Section 4 relates both problems
to classification learning, Section 6 demonstrates the
main ideas of the paper using a simple scalable learn-
ing problem, and Section 7 summarizes the results and
concludes.

2. The Associative Bandit Problem

The associative bandit problem (ABP)! (Kaelbling,
1994) is a generalization of the k-armed bandit prob-
lem (Berry & Fristedt, 1985). The setting consists of
an input space X, an unknown distribution D over
X, a hypothesis space H (made up of functions from
X into the set {1,0}), a set of k arms, and for each
arm ¢, an unknown target hypothesis h} € H, and two
unknown payoff probabilities p! and p.

A learning sequence proceeds as follows. During each
timestep, an input x; € X is drawn according to the
distribution D and is provided to the algorithm, which

'Kaelbling (1994) calls the problem “Associative Rein-
forcement Learning”, but this term has been used incon-
sistently in the literature, so we chose a new term with a
clearer derivation.
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then selects an arm a; and receives a Boolean payoff
} * "
r¢. With probability palt“‘ ("Lt), the payoff r; will be 1,
B
and with probability 1 — paff(mt), it will be 0. The goal
of the algorithm is to produce, after a finite number
of steps, a policy 7 : X — {1,...,k} (a mapping from
inputs to arms) that maximizes expected payoff. If an
algorithm A terminates after m steps, we say that m
is the sample complexity of A for that sequence.

Let 7* denote an optimal policy. It will satisfy 7*(z) =

argmax; p?:(z). Let Ret(m) denote the expected aver-
age return of policy 7, formally,

e
Ret(r) = Eop (pr) ). (1)

Let dim(H ) be the Vapnik-Chervonenkis (VC) dimen-
sion of H (Mitchell, 1997). An algorithm with low
sample complexity that consistently produces high-
quality polices is considered an efficient learner. The
following definition, motivated by the PAC definition
of Valiant (1984), formalizes this notion:

Definition 1 We say that a learning algorithm A is
ABP-PAC (PAC for associative bandit problems) if,
for any inputs 0 < € < 1 and 0 < § < 1, it has
sample complexity of m and with probability at least
1—4, returns a policy m such that Ret(mw) > Ret(n*) —
€. Furthermore, m is bounded by a polynomial in the
input parameters 1/e, 1/6, k, and dim(H).

Note that Definition 1 puts no restriction on the com-
putational complexity of executing the learning algo-
rithm or the returned policy. Nevertheless, we will
only be interested in policies that can be evaluated
quickly (in time O(k)), and prefer learning algorithms
with polynomial complexity.

2.1. Related Work

The ABP problem is similar to the problem studied by
Fiechter (1995) when H is finite, which is directly rele-
vant to our results in Section 3.4. In his work, the pay-
off probability for an arm given input x is determined
by a decision list over the hypothesis space H. The
ABP problem can be viewed as a specialization of this
problem where each decision list is limited to a single
hypothesis of H. However, Fiechter’s (1995) solution
to the more general problem does not provide an effi-
cient solution in our specialized case for two reasons.
First, the sample complexity is quadratic in terms of
the size of the hypothesis space and thus does not sat-
isfy the conditions of Definition 1. Our method (see
Section 3.4) has sample complexity that is logarithmic
in the size of H. Even this approach is not efficient

when the VC dimension is much smaller than In(| H|).
In this case, one must resort to the more sophisticated
methods of Section 4.1 to reduce the problem to clas-
sification and then use empirical loss minimization as
described in Section 5. Second, the policy produced by
Fiechter’s (1995) approach has a worst-case computa-
tional complexity of O(k|H]|), which is much higher
than what we desire.

Auer (2000) and Abe et al. (2003) study a similar
problem and obtain better regret bounds under the
assumption that the payoff or payoff probability for
an arm is a linear function of the input.

We have studied ABP in a somewhat off-line set-
ting where the arms are pulled a polynomial number
of times and a near-optimal policy must be learned.
However, Fiechter (1997) has shown that a near opti-
mal policy can be used to achieve near optimal payoff
by adopting the near optimal policy for a polynomial
number of trials (exploiting).

3. The Associative Prediction Problem

The associative-prediction problem (APP) is that of
predicting the mean payoff rate from the input for a
specially structured probabilistic payoff function. The
(hidden) structure of the problem is that all inputs
labeled identically by an unknown Boolean concept
have identical payoff rates.

The problem setting consists of an input space X, an
unknown distribution D over X, a hypothesis space
H, an unknown target hypothesis h* € H, and two
unknown payoff probabilities p! and p°.

Let EX := EX(h*,p',p", D) be an oracle that when
called produces a labeled pair (x,y) where x is dis-
tributed according to D and y € {0,1} is 1 with prob-
ability p" (®) and 0 with probability 1 — p/" ().

A learning sequence proceeds as follows. During each
timestep, the algorithm calls EX to receive a labeled
pair (z,y). After m calls, a hypothesis h € H and two
real numbers, 0 < ]51 <land0< ;60 < 1 are produced
as output.

Let APP(X, H,e¢,6,u, EX) denote any efficient learn-
ing algorithm for APP. It takes inputs 0 < € < 1,
0<d<1,and 0 < p < 1. With probability at least
1 — 4, its outputs must satisfy:

Pr (|ph<z> @) e) < 2)
z~D
In other words, the error in its final payoff predictions

should be within € of the true expected payoff on at
least a 1 — p weighted fraction of the inputs, with high
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probability. Furthermore, the number of calls to £ X,
denoted APPSC(X, H,¢,d,u, EX), is bounded by a
polynomial in 1/¢, 1/, 1/p, and dim(H).

3.1. Reduction to the Associative Bandit
Problem

In this section, we show that a solution to APP can be
used to solve ABP. Suppose we are given an instance
of ABP and some efficient learner for APP. For each
arm 4, consider the oracle EX; := EX(h},p},p{, D).
In a single timestep, we can simulate a call to EX; by
drawing an instance x from D and selecting arm 7 to re-
ceive payoff y. For each arm i, we call the APP solver,
APP(X,H,e/4,0/k,e/(2k), EX;), which produces a
hypothesis h; and probabilities p} and p?. The outputs
. A ~hi(x)
are used to create the policy 7(x) = argmax, p, ",
which we claim solves ABP.

With probability at least 1 — k(6/k) = 1 — ¢, all
calls to the APP learning algorithm return accurate
predictions. When this event happens, on any given
input x chosen according to D, the probability that
all k predictions (ﬁ?i(w)) are €/4-accurate is at least
1 —k(e/(2k)) =1 — €/2. On such an instance, choos-
ing the arm that has the highest estimated payoff
gives an expected payoff no more than €/2 from op-
timal. In the remaining trials, we can pessimisti-
cally assume the predictions are maximally erroneous.
Therefore, Ret(n*) — Ret(w) < (1 — ¢/2)e/2 +¢/2 <
€, as required. The total number of arm pulls is
S APPSC(X,H,e/4,6/k,¢/(2k), EX;), which is a
polynomial in the relevant quantities.

Our method of reduction produces a solution to ABP
by pulling each arm a fixed number of times. This al-
gorithm is similar to the “naive” algorithm for solving
the k-armed bandit problem (Fong, 1995). Although
it provides an adequate solution for this problem, we
believe more sophisticated exploration strategies are
needed in other problem settings.

3.2. Discussion

The associative-prediction problem is a special case of
learning a probabilistic concept (Kearns & Schapire,
1990). This connection allows us to derive a lower
bound on the sample complexity of APP, although
we do not present the argument here due to lack of
space. Viewing APP in this way also suggests a possi-
ble solution to the ABP. Specifically, we can reduce the
problem to a special instance of regression and utilize
empirical loss minimization on the space of all possi-
ble payoff functions. This method results in a solution
with polynomial sample complexity (see Theorems 5.1

and 5.2 of Kearns and Schapire (1990)). Rather than
take this approach, we chose to further reduce the
problem to classification.

Our motivation for reducing the problem to classifica-
tion is as follows. First, the payoff probabilities of each
arm belong to one of two classes. Determining which
class an input belongs to is, in essence, a classification
problem; reducing to classification takes advantage of
this structure. Second, the hypothesis set for the re-
gression problem (the set of possible payoff functions)
is larger than the set of hypotheses (H) for the classifi-
cation problem. In fact, even when H is finite the set of
possible payoff functions is infinite (since we allow the
payoff probability for each class to be any real num-
ber between 0 and 1). This setting rules out solutions
that test each hypothesis explicitly. Lastly, our re-
duction allows us to generate many algorithms for the
APP model by using various classification algorithms
(neural networks or support vector machines, say). To
directly use most popular regression algorithms (for
example, linear regression algorithms), a different set
of model assumptions are needed. A fruitful exten-
sions of this work may be to consider such a model to
allow a direct application of regression.

3.3. Two Special Cases

This section addresses two special cases of APP. The
first is when the probability of h* classifying a given
instance as 1 or 0 is tiny. The second is when the
payoff probabilities p' and p° are very close to each
other. We claim that in these cases any hypothesis
can be turned into a solution to APP. Thus, from now
on we make the two following assumptions (defining
L = pe/12):

wPN’rD(h*(x) =1)> L and IIZrD(h*(:c) =0)>L, (3)

A=t =0 = ¢/2 (4)

We now outline a formal justification of Assump-
tions 3 and 4. For convenience, let Pr(h = -) denote
Pry~p(h(xz) =) where it introduces little ambiguity.

Let p;, (p)) denote the expected payoff given that input
z is labeled 1(0) by h. We have that p} has value

p'Pr(h* =1h=1)+p"Pr(h* =0h=1). (5)

Now, suppose that Pr(h* = 1) < L (the case of
Pr(h* = 0) < L follows by the same argument). Using
the following theorem, it can shown that predictions
made with respect to any h € H and sufficiently accu-
rate estimates of p}, and p) form a solution to APP.
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Theorem 1 For any positive real numbers € and

L, if Pr(h* = 1) < L, then for any h € H,

Pr <|ph($ P @] > e) <2L/e+ L.

Next, suppose that A < €/2. Since p} is a convex com-
bination of p! and p° (see Equation 5), it lies between
them. Hence, |p; —p'| < €/2 and |p;, —p°| < €/2. The
same holds for p)). Thus, €/2-accurate estimates for p},
and pY for any h € H suffice in this case (and can be
obtained by the estimation method in Section 3.4).

3.4. Finite Hypothesis-Class Case

In this section, we demonstrate a solution to APP
when the hypothesis class, H, is finite. From the re-
duction of Section 3.1, this case will produce a solu-
tion? to ABP (when H is finite). The computation
of our method is proportional to |H| (but has sample
complexity proportional to lg|H|) and, therefore, will
only be practical for small hypothesis classes H.

Algorithm 1 SolveAPP
1: Draw m samples from EX. Let S be the multiset
of labeled pairs drawn from EX.
2: For each h; € H compute the following quantities:

{(z,y) € Slhi(x) = 1}

count(h;,0) = |[{(z,y) € S|h;(x) = 0}
5= {(z,y) € Sly=1Ahy(z) = 1}|

count(h,;, 1) =

hi count(h;, 1)
s _ M) € Sly= 1A i) = 0]
hi count(h;, 0)

3: Output some h € H and p} and py

To fully specify our procedure, Algorithm 1, we need
to provide a value for m in Step 1 and explain
how to choose hypothesis h in Step 3. Now, ph
the maximum likelihood estimate of ph , the prob-
ability of receiving payoff of 1 when h( ) = 1.
Depending on the number of samples z such that
hi;(x) = 1 (that is, count(h,, 1)), the estimate may
be poor (when count(h;,1) is small) or very accurate
(when count(h;,1) is large). Therefore, the values
count(h;, 1) and count(h;,0) are estimates of the ac-
curacy of the estimates pj, and p}, , respectively. Due
to space limitations, we provide only a sketch of the
correctness of Algorithm 13.

21t will only be an efficient solution if In(| H|) is no larger
than a polynomial of dim(H).

3Full proofs will be made available in our technical re-
port.

The following lemma is a direct consequence of the
Hoeffding bound.

Lemma 1 If hypothesis h € H satisfies Pr(h(z) =
j) > L (for j € {0,1}) then after

O ((«/L)In(é))

(acquired  from  calls  to
> « holds, with

mq(a, L,0) =

labeled  samples x
EX(h*,p",p°, D)), count(h,j)
probability at least 1 — 9.

We are now ready to specify the number of samples to
draw. For ¢’ = d/(4]|H|), let

o (2O (05
m = 1(2(6u/C1)2,L’6> O( 33 ) (6)

for some constant Cy that will be specified later. Let
H' be the set of hypotheses h such that count(h,1) >

7223/31;2 and count(h,0) > 722;1/5 ;2

plications of the Hoeffding bound, Lemma 1, and the
union bound, it can be shown that, with probability
at least 1 — 0, h* € H' and for all h € H':

By several ap-

e
b, — Pl < = C . and by — il < o (7)

Thus, we assume these hold. Now, let

h := argmax [p;, — pj| (8)
heH!

(breaking ties arbitrarily) be returned by our proce-
dure (Step 3). We say that h is a hypothesis with
maximum empirical diversity; according to our accu-
rate but not exact estimates, the difference between
the payoff rate when h(z) = 1 rather than h(x) = 0
is maximal. Thus, in some sense, i is our estimate of

the most informative hypothesis. Next, we show that
h suffices as a solution to APP.

We have that Ipf fphl > |pre — D] > |phe — Y| —

2(ep)/Cy = |pt — p°| — 2(ep)/C1. We conclude from
this result and Equation 7 that the following hold:
e
max{p",p°} — max{ph,ph} o (9)
. . 3€
min{py,pj} —min{p*,p°} < c% (10)

To simplify the notation, define s and r, with {s,r} =
{1,0}, such that p* := max{p',p’}, and p" :=
min{p!,p°}. Similarly, define 5 and 7, with {5,7} =
{1,0}, so p* := max{p;,p)} and p" := min{p;},p?}.
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Theorem 2 Suppose h* € H', Equation 7 holds, and
let A = |p* — p°| = p* —p". Then, we have that

Pr(h*(z) = slfz) = 5) > 1 — gfi (1)
and Pr(h*(z) = r|h(z) =7) > 1 — éfi (12)

Proof sketch: We have that 0 < p® — p* < 3eu/Ch
and 0 < p' — p* < 3eu/Cy. Noting that P =
p*Pr(h* = slh = 3) + p"Pr(h* = r|h = 3), we
have that p* —p; = p° — APr(h* = slh = 5) —p"
= A — APr(h* = s|h = 5). In summary, p* —p; =
A(1 — Pr(h* = slh = 5)) < 3eu/Cy. Rearranging
yields Equation 11. The other cases follow by a simi-
lar argument. O

Let C7 = 12. Note that p" < p; < p; < p° al-
ways holds. We say that h* and h agree on input
x when either h*(z) = s and h(z) = 5 both hold
or h*(x) = r and h(x) = 7 both hold. Using Theo-
rem 2, it can be shown that the probability that A*
and h disagree is at most (6ex)/(C1A). However, note
that (6eu)/(C1A) < (12ep)/(Cre) = p (see Equa-
tion 4). When h*(z) and h(x) agree on an input z,
we are guaranteed, by Equations 7, 9, and 10, that

|pg(m) _ph*(x)| < (4ep)/Cy < €, as desired.

To summarize, any instance of APP where H is fi-
nite can be solved with sample complexity as given in
Equation 6.

4. Classification

The classification or supervised learning (SL) problem
consists of an input space X, an unknown distribu-
tion Y over X x {0,1}, and a hypothesis space H.
Let EX := EX()) be an oracle that produces labeled
pairs (x,y) distributed according to ). A learning se-
quence proceeds as follows. During each timestep, the
algorithm calls EX to receive a labeled pair (z,y). Af-
ter m calls, a hypothesis h € H is produced as output,
chosen to minimize classification error,

Pt () £ ). (13)

Let F' be the function in H that minimizes this error.

Let SL(X,H,e,6, EX) denote any efficient learning
algorithm for the SL problem. It takes inputs 0 < € <
1 and 0 < § < 1. With probability at least 1 — 9, its
output must satisfy:

Pr_(h(x)#y) — Pr

F(x <e. 14
Wb (z,y)~y( () #y) <e (14)

In other words, the error of the chosen hypothesis may
not exceed that of the best hypothesis by more than
€. Furthermore, the number of calls to £X, denoted
SLSC(X,H, e, 6, EX) is bounded by a polynomial in
1/e, 1/6, and dim(H).

4.1. Reduction to Associative Prediction

In this section, we show that a solution to the SL prob-
lem can be used to solve APP. We assume that H
is closed under complementation®. For any Boolean
statement S, let [S] evaluate to 1 if S is true and 0 if
S is false.

For any pair y,y" € {0,1}, consider the loss function:
Wy, y):=ly=0ny =1lep+[y=1Ay =0le, (15)

where e, and e, are real numbers satisfying 0 <
ep,en < 1, and e, + e, = 1. We call e, the false-
positive cost and e, the false-negative cost. Finding a
minimizer of expected loss is the goal of cost-sensitive
classification (Elkan, 2001) and can be reduced to the
SL problem (Zadrozny et al., 2003). We exploit this
reduction by providing costs, e, and e, so that solving
APP is achieved by viewing it as cost-sensitive classi-
fication.

We first observe that for a range of costs, the hypoth-
esis that minimizes expected loss is h* (or its comple-
ment). This connection is useful because APP predicts
a (real-valued) probability, while cost-sensitive classi-
fication predicts a (Boolean-valued) label.

Lemma 2 When p' > p°, if p°/(1 — p°) < ep/en <
p'/(1—pt) then h* has minimum expected loss. When
p’ > pt if pt/(1—p') < epfen < p°/(1—p°) then h*
(the complement of h*) has minimum expected loss.

Proof: For h € H and x € X, the expected loss of
h is p" @e,, when h(x) = 0 and (1 — p" #))e, when
h(x) = 1. Thus, if h*(z) = 1, then A(x) = 1 minimizes
loss when (1 — p')e, < ple,, which is equivalent to
epfen < (p1)/(1 —ph). If h*(z) = 0, then h(z) = 0
minimizes loss when e,/e, > (p°)/(1 — p°). Hence,
if pt > p° h* is the global minimizer when p°/(1 —
pY) < ep/en < p'/(1 —p'). The second claim follows
similarly. O

Since the case of p! > p® and p° > p' are symmetri-
cal®, from now on we assume that p' > p°.

Lemma 2 suggests a choice for the error costs. Unfor-
tunately, we cannot directly apply the bounds, as both
p' and p° are unknown. Let Z denote the expected

4The complements can be added if necessary.
SFor solving APP, h* is as valid as h*.
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value of the input labels. The next lemma provides a
simple formula, in terms of Z, for costs in the range
given by Lemma 2. This formula is useful as accurate
estimates of Z are easy to compute.

Let D be the distribution obtained from ) when re-
stricted to X: Pryop(2 = a) := Pr(; yy(x = a). We
now revert to the short-hand notation of Section 3.3.

Lemma 3 IfZ = p! Pr(h* = 1)+p° Pr (h* = 0), then
Z/(1 — Z) is between p° /(1 — p°) and p*/(1 — pl).

Proof: The result follows from viewing Z is a convex
combination of p' and p°. O

By Lemmas 2 and 3, if e, = Z and e, =1 — Z, then
h* is the minimizer of cost-based loss (Equation 15).
Although Z is unknown, an accurate estimate can be
obtained, with high probability, by sampling from EX.
To ensure that near-optimal solutions to the SL prob-
lem correspond to near-optimal solutions to APP, we
require costs well separated from either endpoint of
the valid cost range (p! and pY) and extreme values 0
and 1. Suppose we obtain an approximation Z of Z
such that |Z — Z| < ¢/8. Consider the set of costs:

{epnepzveps}:{2_6/47272+6/4}' (16)

By Assumption 4, one of these quantities is at least €/8
away from either endpoint (p° and p') and between
them. This property is not upset by rounding any
value less than €/8 to €/8 and greater than 1 —¢/8 to
1—¢/8.

We apply the technique of Zadrozny et al. (2003) by
using a modified distribution® )’ (over pairs (z,y) €
X x {0,1}) such that optimal classification on )’
is equal to optimal cost-sensitive classification on ).
This new distribution is ' (z, y) = X @0) _

E(e,yy~yle@)]’ where
c(0) = ep and ¢(1) = e,.

Given an oracle EX that samples according to YV we
would like to simulate an oracle EX' that samples ac-
cording to ). We achieve this goal with rejection sam-
pling” (Zadrozny et al., 2003). To simulate a call to
EX’', EX is called several times, each call producing
a pair (z,y) € X x {0,1}. Let emax = max{ep, e,}
and emin = min{ep,e,}. If y = 1, then the sample
is accepted with probability e, /emax (otherwise it is
rejected). If y = 0, then the sample is accepted with
probability e,/emax. The output of EX’ is the first
pair that is accepted. Thus, the expected number of
calls to EX for one call to EX’ is at most emax/€min-

SLet Y(-) denote the probability density function of Y.
"This technique ensures that EX’ produces indepen-
dent samples given independent samples from EX.

Theorem 3 For rejection-sampling-based ora-
cle EX', if e, > p’ + ¢€/8, e, < p' — ¢€/8,
and €/8 < epen, < 1 — €/8, then algorithm

SL(X,H,e31/(8C1),5/Ca, EX') outputs a hypothesis
h such that Pr, ,.y(h(z) # h*(x)) < €p/Cy with
probability 1 — 6/C.

Proof sketch: The key to the proof is to break the
error of h into two pieces: When h*(z) = 0 and when
h*(z) = 1. The labels on each side are independently
generated based on p' and p°. Taking into account
the modified distribution allows us to convert an error
bound based on accuracy (Pr ~y(h(z) # y) from
the SL algorithm to an error bound based on the dis-
tribution of instances (Pr(y )~y (h*(x) # h(x))). This
bound depends on the cost, e,. The worst case is when
e, is close to either p° or p'; however, we are able to
bound the cost since e, can only get within a distance
of €/8 of either p° or pt. O

Finally, we need to show that if a hypothesis agrees
with A* over most of the input space, then it solves
APP (see Equation 2).

Theorem 4 If Pr(h#h*) < U, then |p; — p'| <
2U /Pr (h =1) and |p) — p°| < 2U/Pr (h = 0).

Our reduction is as follows. First, we obtain N; =
O(lg(1/6)/€?) samples by calling EX (the oracle
for APP). From these samples, we compute 7 =
# Sampleb labeled 1, which is used to define 3 separate
oracles: for 1 = 1,2,3, Oracle EX; is defined by
costs e, and e,, = 1 — e, via Equation 16 and
can be simulated using FX as described above. Us-
ing an SL solver, we obtain three hypotheses, h; =
SL(X,H,e3u/(8C),5/Ca, EX;), for i = 1,2,3 and
constants C7; = 60 and Cy = 5.

By the above discussion, we are guaranteed that
some hypothesis h € {hq, he, h3} satisfies Prp(h(z) #
h*(z)) < €2u/Cy < p. Suppose we could obtain es-
timates p; and pY) such that [p; — pi| < €/2 and
IpY — p%| < €/2. Now, by Theorem 4 and Assump-
tion 3, we have that \;f),ll —p < |p} —p'+¢€/2 <

26 262 M —|—E/2 < 0246 + < e

ClPr(h 1) + 2 — Cl(L €2 H)

By the same argument we can show that |p) —p°| < e.
Hence, Equation 2 is satisfied.

Of course, we do not know which hypotheses in
{h1, ha, h3} solve APP. We overcome this problem by
treating {h1, ho, h3} as a new hypothesis space and us-
ing the techniques of Section 3.4. The formal analysis
given in Section 3.4 assumed h* € H, which no longer
holds. However, some h € {hy,h2, h3} is an €2u/Ci-
approximation of h*, with high probability. We don’t
have room for the details, but the method of Sec-
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tion 3.4 is still valid because (a) Assumption 3 implies
that Pr(h = 1) = Q(ue) and Pr(h = 0) = Q(pe), and
(b) the diversity of h, [p}, — p?|, is O(e) different from
the diversity of h*, |pt — p°|. Our final reduction is
outlined in pseudo code (Algorithm 2).

Algorithm 2 ReduceSL-APP

1: Draw N samples from EX and compute Z.

2: Create three different cost-sensitive classification
problems with the three costs of Equation 16.

3: Reduce these three cost-sensitive problems to
classification wusing the method of Zadrozny
et al. (2003). Solve to yield three hypotheses:
hi,ho, hs.

4: Use the method of Section 3.4 to solve an instance
of APP with the hypothesis set H = {hq, ho, h3}.
This procedure results in a single hypothesis h and
its associated estimates p; and py.

5: Output the prediction function f(z) = p™®).

Finally, we note that there are three possible sources
of failure: estimating Z, calling the SL learner (which
is called 3 times), and applying the methods of Sec-
tion 3.4. By setting Cy = 5 and using the union bound,
we can limit the total failure probability to at most
1 — 6. Since the sample complexity of the SL learner
and the procedure of Section 3.4 are polynomial, the
sample complexity of our reduction is also guaranteed
to be polynomial in the relevant quantities.

The  Probing algorithm of Langford and
Zadrozny (2005) is very similar to our approach;
however, it deals with a much more general problem.
In their setting, the probability that an input x is
labeled 1 can be any function of x. In our restricted
problem (APP), it is one of only two possible values
(p* or p°) dependent on whether it is classified as 1 or
0 by a single hypothesis, h*, which is itself restricted
to some class, H, of Boolean-valued functions. This
restriction allows for a simpler (and likely more
efficient) solution and a different theoretical analysis.
For instance, the Probing algorithm solves many dif-
ferent cost-sensitive classification problems, while our
method performs only 3. The output (predictor) of
Probing is a combination of all the learned classifiers,
whereas in our scenario, only a single hypothesis h
and two numbers p' and p° are needed to guarantee
accurate predictions (predict p"(z) on input z).

5. Solving the Classification Problem

Section 4.1 leaves open the question of whether the
SL problem can be solved. By Theorem 5.1 of Kearns

and Schapire (1990), if the VC dimension of H® is d
then after O((d/e?)(1g(1/€)+1g(1/4))) labeled samples,
the hypothesis h € H that minimizes empirical loss®
has e-optimal true loss, with probability at least 1 —
4. So, in terms of sample complexity, the problem is
solvable. The computational complexity of computing
the empirical loss minimizer (or a good approximation)
depends on H.

6. Experiments

Kaelbling (1994) includes an empirical comparison of
ABP learning algorithms on a set of “binomial Boolean
expression worlds”. In our terminology, this compar-
ison focused on X = {0,1}" (n-bit input vectors),
k = 2 (two arms), H equal to 2-DNF formulae, and
D a uniform distribution. The experiments showed, in
part, that generalizing algorithms outperformed non-
generalizing algorithms when the input space was suf-
ficiently large.

For our experiment, we examined a case with small
H and large X. Let X be the set of all n-bit strings
x = (x1,...,%,). The target hypothesis is h*(z) :=
T1A\Zy, and H is the set of all conjunctions of 2 literals.
The problem has two arms (0 and 1) with payoff rates
py = .5 and pJ = .8 for arm 0 and p} = .9 and p9 = .6
for arm 1. The optimal policy is to choose arm 0 when
h*(z) = 0 and arm 1 otherwise. The expected reward
of the optimal policy is (.75)(.8) + (.25)(.9) = 0.825.

We compared two algorithms. The first is the naive
algorithm, designed for the k-armed bandit problem.
It chooses each arm m’ times and finds the arm with
highest sample mean payoff, which it then chooses for-
ever (acting greedily). For large enough m/’, it will,
with high probability, find an e-optimal arm (Fong,
1995). The adaptation to ABP, called Bandit-Naive,
is achieved by viewing each input x € X as a separate
bandit problem; a valid, but often inefficient approach.

The second algorithm, called ABP-Naive, is that of
Section 3.4. It has two parameters, m and 6. It first
chooses each arm m times. Then, for each arm, it
computes the hypothesis h with maximum empirical
diversity (see Equation 8) with at least 6 positive ex-
amples (x such that h(z) = 1) and at least 6 negative
examples (x such that h(z) = 0).

We varied the number of input bits from 2 to 10. Each
algorithm was given 3000 input choices, and the aver-
age per-step reward is plotted, using the best parame-
ter settings found by systematic search. Each experi-

8 H must satisfy several “permissibility” assumptions.
9The one with the fewest mistakes on the training data.
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Figure 1. Comparing Bandit-Naive and ABP-Naive in a
two-armed Associative Bandit Problem

ment was repeated 100 times and the results averaged.

As the problem size increases, we expect ABP-Naive,
which generalizes over inputs, to outperform Bandit-
Naive, which considers each input separately. When
n = 10, for example, there are 2'° = 1024 dif-
ferent inputs (different bandit problems), but only
2(10%) — 2(10) = 180 hypotheses. Our results confirm
this hypothesis; see Figure 1.

7. Conclusion

We formalized the associative-bandit problem setting
of Kaelbling (1994) as a computational learning theory
problem. In this problem, inputs are selected from a
fixed distribution. After each input is presented, the
learner can choose from a fixed set of arms (actions)
in an attempt to maximize its immediate expected re-
ward. Each arm has its own payoff function, which is
defined by an unknown hypothesis from a known hy-
pothesis class along with separate payoff probabilities
for inputs labeled 0 and 1 by this hypothesis.

Whereas earlier work took an empirical stance, we
were able to prove formal bounds on the amount of
experience trials needed to attain near-optimal util-
ity with high probability. Our approach focused on
generalization and used a primitive, but sufficient, ex-
ploration method. The formal proof showed that to
learn to make optimal decisions in an associative ban-
dit problem it is sufficient to make accurate predictions
of the individual arms.

More generally, we showed how to reduce the associa-
tive prediction problem to cost-sensitive classification
and then to standard classification. That is, we showed
that a solution to the classification problem for a hy-
pothesis class can be used to solve the corresponding

associative-prediction problem.

Our next step is to apply the associative-bandit for-
malism to practical decision problems, such as choos-
ing optimal networking parameters in a dynamic envi-
ronment based on periodic measurements of network
conditions and ultimately to the full reinforcement-
learning setting.
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