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Abstract
Several algorithms for learning near-optimal
policies in Markov Decision Processes have
been analyzed and proven e�cient. Empiri-
cal results have suggested that Model-based
Interval Estimation (MBIE) learns e�ciently
in practice, e�ectively balancing exploration
and exploitation. This paper presents the
�rst theoretical analysis of MBIE, proving its
e�ciency even under worst-case conditions.
The paper also introduces a new performance
metric, average loss, and relates it to its less
\online" cousins from the literature.

1. Introduction

In the reinforcement-learning problem, agents learn
by experimentation to maximize a performance objec-
tive. The underlying mathematical framework gen-
erally used is that of Markov Decision Processes or
MDPs (Puterman, 1994). This paper considers dis-
counted in�nite-horizon MDPs with stochastic reward
and transition functions.

While there are many learning algorithms for MDPs,
only a few have been shown to produce near-optimal
policies, with high probability, after a polynomial
amount of experience. Such algorithms are said to
be probably approximately correct (PAC). The E 3 al-
gorithm (Kearns & Singh, 2002) and the conceptu-
ally simpler Rmax (Brafman & Tennenholtz, 2002) are
two state-of-the-art PAC reinforcement-learning algo-
rithms. They have similar worst-case bounds.

Model-based Interval Estimation (MBIE) is another
learning algorithm that builds a model to construct
an exploration policy (Wiering & Schmidhuber, 1998;
Strehl & Littman, 2004). In contrast to Rmax and E 3,
MBIE incorporates acquired experience more quickly
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and smoothly into its internal model. However, the
rate at which MBIE learns had not been analyzed
in the PAC framework. This paper �rst presents an
overview of the di�erent de�nitions of e�cient learn-
ing that have been used in analyses. Another, more
\online", and therefore more realistic, de�nition is in-
troduced and related to the sample complexity notion
of Kakade (2003). Then, a PAC analysis of MBIE's
sample complexity is performed, producing a worst-
case result comparable to that of Rmax, complement-
ing MBIE's strong empirical performance.

2. Notation

This section introduces the Markov Decision Process
(MDP) notation used throughout the paper; see Sut-
ton and Barto (1998) for an introduction. An MDP
M is a �ve tuple hS; A; T; R; 
 i , where S is the state
space, A is the action space,T : S � A � S ! R
is a transition function, R : S � A ! R is a reward
function, and 0 � 
 < 1 is a discount factor on the
summed sequence of rewards. From states under ac-
tion a, the agent receives a sample reward from a dis-
tribution with mean R(s; a) and is transported to state
s0 with probability T(s; a; s0). We assume that there
are a �nite number of possible rewards, all of which
lie between 0 and a positive real numberRmax .1 For
a stationary policy � , let V � (s) (Q� (s; a)) denote the
value (action-value) function for � in M (which may be
omitted from the notation) from state s. For simplic-
ity, all policies in this paper are assumed to be deter-
ministic (it's possible to extend our results to stochas-
tic policies). The optimal policy is denoted � � and has
value functions V �

M (s) and Q�
M (s; a). Note that a pol-

icy cannot have a value greater thanvmax := R max
1� 
 . If

T is a positive integer, let V �
M (s; T) denote the T-step

value function of policy � . If � is non-stationary, then
s is replaced by apartial path ct = s1; a1; r1; : : : ; st ,
in the previous de�nitions. Speci�cally, let st and
r t be the tth encountered state and received reward,

1This �nite-reward assumption generalizes the notion of
deterministic rewards used in prior analytic work.
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respectively, resulting from execution of policy � in
some MDP M . Then, V �

M (ct ) = E [
P 1

j =0 
 j r t + j ] and

V �
M (ct ; T ) = E[

P T � 1
j =0 
 j r t + j ]. These expectations are

with respect to some �xed pre�x sequencect and are
taken over all possible in�nite paths the agent might
follow from the tth step and onward. Note that we
may omit the actions ai and refer to ct as a partial
sequencewhere ct = s1; r1; : : : ; st . In our analysis, we
only consider deterministic learning algorithms and,
thus, these two de�nitions are equivalent.

3. Performance Metrics

A reasonable notion of learning e�ciency in an MDP
is to require an e�cient algorithm to achieve near-
optimal (expected) performance with high probability.
An algorithm that satis�es such a condition can be
said to beprobably approximately corrector PAC. The
PAC notion was developed in the supervised learning
community, where a classi�er, while learning, does not
in
uence the distribution of training instances it re-
ceives. In reinforcement learning, learning and behav-
ing are intertwined, with the decisions made during
learning profoundly a�ecting the available experience.

In applying the PAC notion in the reinforcement-
learning setting, researchers have examined de�nitions
that vary in the degree to which the natural mixing of
learning and evaluation is restricted for the sake of
analytic tractability. We survey these notions next.

Fiechter (1997) explored a set of PAC-learning de�ni-
tions that assumed that learning is conducted in trials
of constant length from a �xed start state. Under this
reset assumption, the task of the learner is to �nd a
near-optimal policy from the start state given repeated
visits to this state.

Kearns and Singh (2002) observed that the reset as-
sumption is not strictly necessary. In any su�ciently
long run, there must be some state that is repeatedly
visited and can therefore serve as a kind ofpost hoc
starting state for analysis. They showed that a PAC
result could be derived for trajectory-based learning
instead of assuming independent trials.

In this setting, a learning algorithm is judged by
whether it is guaranteed to reach a state, after a poly-
nomial number of steps, for which it can output an
� -optimal policy (from that state) with probability at
least 1� � . Kearns and Singh (2002) provided an al-
gorithm they called E3 that satis�es this PAC notion.

Kakade (2003) introduced a PAC performance met-
ric that is more \online" in that it evaluates the be-
havior of the learning algorithm itself as opposed to

a separate policy that it outputs. As in Kearns and
Singh's de�nition, learning takes place over one long
path through the MDP. At time t, the partial path
ct = s1; a1; r1 : : : ; st is used to determine a next ac-
tion at . The algorithm itself can be viewed as a non-
stationary policy. In our notation, this policy has ex-
pected value V A (ct ), where A is the learning algo-
rithm.

De�nition 1 (Kakade, 2003) The sample com-
plexity of exploration of an algorithm A is the num-
ber of timestepst such that V A (ct ) < V � (st ) � � .

In other words, the sample complexity is the number
of timesteps, over the course of any run, for which the
learning algorithm A is not executing an� -optimal pol-
icy from its current state. A is PAC in this setting if its
sample complexity can be bounded by a number poly-
nomial in the relevant quantities with high probability.
Kakade showed that the Rmax algorithm (Brafman &
Tennenholtz, 2002) satis�es this condition.

Although sample complexity demands a tight integra-
tion between behavior and evaluation, the evaluation
itself is still in terms of the near-optimality of expected
values over future policies as opposed to the actual re-
wards the algorithm achieves while running. We intro-
duce a new performance metric,average loss, de�ned
in terms of the actual rewards received by the algo-
rithm while learning. In the remainder of the section,
we de�ne average loss formally. In the next section, we
show that e�ciency in the sample-complexity setting
implies e�ciency in the average-loss setting.

De�nition 2 Suppose a learning algorithm is run for
one trial of T steps in an MDP M . Let st be the
state encountered on stept and let r t be thetth reward
received. Then, theinstantaneous loss of the agent
is il (t) = V � (st ) �

P T
i = t 
 i � t r i , the di�erence between

the optimal value function at state st and the actual
discounted return of the agent from timet until the end
of the trial. The quantity l = 1

T

P T
t =1 il (t) is called the

average loss over the sequence of states encountered.

In this setting, a learning algorithm is PAC if, for any
� and � , we can choose a valueT, polynomial in the
relevant quantities (1=�; 1=�; jSj; jAj; 1=(1 � 
 ); Rmax ),
such that the average loss of the agent (following the
learning algorithm) on a trial of T steps is guaranteed
to be less than� with probability at least 1 � � .

4. Average Loss & Sample Complexity

This section shows that a PAC algorithm in the
sample-complexity framework is also PAC under av-
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erage loss. Since average loss is arguably a more nat-
ural performance metric for learning in MDPs, while
sample complexity admits a cleaner and more direct
analysis, this result provides the best of both worlds.

4.1. Properties of Adjusted Average Loss

Two properties of De�nition 2 present some bookkeep-
ing di�culties. First, instantaneous loss compares the
expected return of the optimal policy over an in�nite
length sequence (V � (st )) to the return of the learn-
ing algorithm over a �nite length path T . Second, the
length of the �nite sequence is variable and depends on
the current time. The complexity of these properties
is mitigated by the following de�nitions.

De�nition 3 Suppose a learning algorithm is run for
one sequence ofT1 + T2 � 1 steps. Let ct be the
partial sequences1; r1; : : : ; st � 1; r t � 1; st . For any pol-
icy � and integer t such that t � T1, let R�

T2
(t) :=

P t + T2 � 1
t 0= t 
 t 0� t r t 0 + 
 T2 V � (ct + T2 ) be theadjusted re-

turn . Let I �
T2

(t) := V � (ct ) � R�
T2

(t) be theadjusted

instantaneous loss . Let L �
T1 ;T 2

= 1
T1

P T1
t =1 I �

T2
(t) be

the adjusted average loss .

Adjusted return is the actual discounted sum of re-
wards starting at step t over the next T2 steps, plus
the discounted expected return� would receive start-
ing from the state reachedT2 steps in the future. Ad-
justed instantaneous loss is the true return for policy
� from time t minus the adjusted return|how much
was lost relative to simply following � . Adjusted av-
erage loss is the average of the adjusted instantaneous
losses over the �rst T1 steps of the run. In these de�-
nitions, the policy � is not required to be the same as
the policy followed by the algorithm.

For any (possibly nonstationary) policy � , MDP M ,
and integer T , we can run � in M for T steps. Let the
partial sequencecT be the list of states and rewards en-
countered by the agent along this run. Each time this
experiment is performed, a di�erent sequence might
be generated. Thus, we say thatcT is to be generated
by � , to emphasize the fact that cT is a random par-
tial sequence. Note that the adjusted instantaneous
loss and adjusted average loss quantities are random
variables dependent on the relevant partial sequence.
We will �nd it useful to de�ne the following additional
random variables, Y �

t := V � (ct ) � (r t + 
V � (ct +1 )),
for all t < T . As usual, in this de�nition, ct is the
partial sequence consisting of the pre�x ofcT ending
at state st (the tth state encountered). It follows from
our de�nition that as long as the agent follows � , the
expectation of Y �

t is zero|it is the Bellman error in
the value-function update for � .

Consider the sequenceZ := Y �
1 ; Y �

2 : : : ; Y �
T of random

variables up to time T. Next, we will show that any
subsequenceq of Z is a martingale di�erence sequence,
meaning that the each term in q has expectation zero
even when conditioned on all previous terms ofq.

Lemma 1 Let � be a policy, and suppose the se-
quence s1; r1; s2; r2; : : : ; sT ; rT is to be generated by
� . If 1 � q1 < q2 < � � � < q i < t � T , then
E[Y �

t jY �
q1

; Y �
q2

: : : ; Y �
qi

] = 0 .

Proof: Let [Y �
t jct +1 ] be the value of the random vari-

able Y �
t given the �xed partial sequencect +1 . Then,

E [Y �
t ] =

X

ct +1

Pr(ct +1 )[Y �
t jct +1 ]

=
X

ct

Pr(ct )
X

r t ;s t +1

Pr( r t ; st +1 jct )[Y �
t jct ; r t ; st +1 ]:

The sum in the �rst line above is over all possible se-
quencesct +1 = s1; r1; : : : ; st +1 resulting from t action
choices by an agent following policy� .

In the term above, we note that conditioning Y �
t on the

sequence of random variablesY �
q1

; Y �
q2

: : : ; Y �
qi

can cer-
tainly a�ect the probabilities Pr( ct ), by making some
sequences more likely and others less likely. However,
the term

P
ct

Pr(ct ) will always be one. Notice that
�xed values of Y �

q1
; Y �

q2
: : : ; Y �

qi
cannot in
uence the in-

nermost sum. Now, we have that
X

r t ;s t +1

Pr( r t ; st +1 jct )[Y �
t jct ; r t ; st +1 ]

= V � (ct ) �
X

r t ;s t +1

Pr( r t ; st +1 jct )( r t + 
V � (ct +1 )) :

By the de�nition of V � (ct ), this last term is zero. 2

Adjusted instantaneous loss can now be reformulated
as the discounted sum of these random variables.

Lemma 2 If t � T1 is a positive integer, then
I �

T2
(t) =

P t + T2 � 1
t 0= t 
 t 0� t Y �

t 0 .

4.2. Adjusted and Average Loss

This section shows that the quantities T1 and T2, the
number and length of the trials in De�nition 3, may
be only polynomially large and still ensure that results
about adjusted loss apply to average loss.

Proposition 1 Suppose thatl � 0. If T1 � 2T2 R max
�

and T2 � ln( � (1 � 
 )
2R max

)=ln( 
 ), then l � L � �

T1 ;T 2
� � .

The importance of the result, proven elsewhere (Strehl
& Littman, 2005), is that we can bound the average
loss l by bounding the adjusted lossL �

T1 ;T 2
.
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4.3. Reduction to Sample Complexity

Our main objective here is to relate sample complex-
ity and average loss. We now show that the num-
ber of trials T1 used in the adjusted de�nition of av-
erage loss can be made large enough (but not more
than polynomially large) so that, with high probabil-
ity, any algorithm's average loss can be made arbitrar-
ily small given that the algorithm's sample complexity
is bounded with high probability.

Proposition 2 SupposeT2 and C are two positive in-
tegers. If C is a bound on the sample complexity of
some algorithm A with respect to � , which holds with
probability at least 1� � , then T1 can be chosen so that
the adjusted average lossL � �

T1 ;T 2
� 3� , with probability

at least 1 � 2� .

Proof: We consider running algorithm A, which can
be viewed as a non-stationary policy, in the MDP for
T := T1 + T2 � 1 steps. Partition the generated partial
sequences1; r1; : : : ;sT1 ; rT1 , into those timesteps t 2
SB such that A is not � -optimal, and those timesteps
t 2 SG such that it is. Now,

L � �

T1 ;T 2
=

1
T1

T1X

t =1

I � �

T2
(t) =

1
T1

X

t 2 SG

I � �

T2
(t)+

1
T1

X

t 2 SB

I � �

T2
(t):

By the sample-complexity bound, with high probabil-
ity, jSB j � C. Combining this fact with the fact that
I � �

T2
can be at mostvmax (which must be nonnegative

due to our assumption of nonnegative rewards) yields:

L � �

T1 ;T 2
�

1
T1

X

t 2 SG

I � �

T2
(t) +

�
1
T1

�
(C)(vmax ): (1)

Restricting to t; t 0 2 SG , Lemma 2 reveals that

X

t

I A
T2

(t) =
X

t

t + T2 � 1X

t 0= t


 t 0� t Y A
t 0

=
T2 � 1X

t 0=1

t 0
X

t =1


 t 0� t Y A
t 0 +

T1 + T2 +1X

t 0= T2

T1X

t = t 0� T2 +1


 t 0� t Y A
t 0

�
T2 � 1X

t 0=1

Y A
t 0


 t 0
� 1


 � 1
+

T1 + T2 � 1X

t 0= T2

Y A
t 0


 T2 � 
 t 0� T1


 � 1
:

The second line above results from switching the
order of the summands, which allows us to evalu-
ate the innermost sums of that line. The last line
reveals that

P
t 2 SG

I A
T2

(t) is the sum of a martin-
gale di�erence sequence, where each term is bounded
by vmax =(1 � 
 ). Therefore, applying Azuma's

Lemma (Strehl & Littman, 2005) yields

P

 
X

t 2 SG

I A
T2

(t) > a

!

� exp

 
� a2(1 � 
 )2

2vmax
2(T1 + T2 � 1)

!

:

(2)

For all t 2 SG , I � �

T2
(t) � I A

T2
(t) � � holds sinceA(ct )

is � -optimal. By Equation 2, 1
T1

P
t 2 SG

I � �

T2
(t) � 2�

with high probability when exp
�

� T 2
1 � 2 (1 � 
 )2

2vmax
2 (T1 + T2 � 1)

�
� � .

This condition is equivalent to the following:

T1(T1� 2(1 � 
 )2 � 2 ln (1=� )vmax
2)

� 2 ln (1=� )vmax
2(T2 � 1): (3)

Equation 3 is satis�ed when the following holds:

T1 � maxf
1 + 2 ln (1 =� )vmax

2

� 2(1 � 
 )2 ; 2 ln (1=� )vmax
2(T2 � 1)g:

(4)

Finally, to ensure that the second term of Equation 1 is
no more than � , it is su�cient to enforce the following
inequality:

T1 �
1
�

(C)(vmax ): (5)

Note that T1 can satisfy Equations 4 and 5, yet still
be no more than polynomial in the relevant quantities
1=� , 1=�, vmax , 1=(1 � 
 ), C, and T2. 2

In summary, low sample complexity implies low aver-
age loss since the algorithm does not have to run too
long before the number of near-optimal trials is su�-
cient to make the average loss low.

5. Model-Based Interval Estimation

The core idea of MBIE was �rst introduced by Wier-
ing and Schmidhuber (1998); however the form of the
con�dence intervals were ad hoc and problematic for
analysis. We will analyze a more statistically justi�ed
approach due to Strehl and Littman (2004). This sec-
tion provides a detailed description of the inner work-
ings of MBIE, while Section 7 provides the �rst proof
that MBIE is PAC in the sample-complexity frame-
work. From Proposition 2, this result implies that
MBIE is also PAC by the average-loss metric.

5.1. Description of the MBIE Algorithm

MBIE is a generalization of the Interval Estimation
(IE) algorithm for the k-armed bandit problem (Kael-
bling, 1993). MBIE, like IE, works by constructing
con�dence intervals on possible models based on expe-
rience. It then assumes that the most optimistic model
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consistent with the data is true and behaves optimally
according to this model.2 If the agent's model is accu-
rate, near-optimal reward (in expectation) is achieved.
Otherwise, new experience is obtained and used to up-
date the model.

More speci�cally, at each step, MBIE uses the available
experience to determine an MDP ~M with transition
function ~T and reward function ~R. This internal model
has value function ~Q and at least one optimal policy
~� , which MBIE uses to choose its next action. Of
course, with only a �nite amount of experience, MBIE
cannot hope to model the environment with complete
accuracy. MBIE quanti�es its certainty by maintain-
ing con�dence intervals for each possible source of un-
certainty. At any given stage during training, there
are many possible MDPs consistent with MBIE's con-
�dence intervals. Among these, MBIE chooses to act
according to a model for which the agent can achieve
maximum possible reward.

MBIE uses its experience very naturally in that its
model is updated immediately as new experience ar-
rives. In contrast, the PAC reinforcement-learning al-
gorithms Rmax and E3 only allow a �xed number of
model updates, so at any given step in the algorithm
much of the agent's experience is ignored.

In the following sections, we describe the precise
form of the con�dence intervals that MBIE maintains
and how they are combined to produce an e�cient
reinforcement-learning algorithm.

5.2. The Reward Con�dence Interval

For a �xed state-action pair ( s; a), let R̂(s; a) be the
sample mean of the observed rewards andn(s; a) be
the number of times action a has been chosen in state
s. The reward assumed by MBIE's model is ~R(s; a) =

R̂(s; a)+ � R
n (s;a ) , where� R

n (s;a ) :=
q

ln(2 =� R )R max
2

2n (s;a ) . This
expression gives us the upper con�dence interval on
the mean reward by a straightforward application of
the Hoe�ding bound.

5.3. The Transition Con�dence Interval

For a �xed state-action pair ( s; a), let T (s; a; �) be the
true transition probability vector and T̂(s; a; �) the em-
pirical distribution. With probability at least 1 � � T ,
the L1 distance betweenT(s; a; �) and T̂(s; a; �) will be

2We call this idea the Pangloss assumption|assume we
are in the best of all possible worlds. The name comes from
Dr. Pangloss, a character from Candide by Voltaire (1759),
who proved this assumption \to admiration" in spite of
being the victim of a series of highly unfortunate events.

at most

� T
n (s;a ) =

s
2[ln(2jSj � 2) � ln( � T )]

n(s; a)
:

This result (Weissman et al., 2003) yields a con�dence
interval of

CI = f ~T(s; a; �) j jj ~T(s; a; �) � T̂ (s; a; �)jj1 � � T
n (s;a ) g:

5.4. Combining the Con�dence Intervals

Now, for each state-action pair, MBIE �nds the prob-
ability distribution ~T(s; a; �) within CI that leads to
the policy with the largest value. This quantity is for-
malized by the Bellman equations

~Q(s; a) = (6)

~R(s; a) + max
~T (s;a; �)2 CI



X

s0

~T(s; a; s0) max
a0

~Q(s0; a0):

Note that this expression e�ectively combines the un-
certainty in the rewards and transitions to provide the
MDP model used by MBIE. Equation 6 can be solved
e�ciently using value iteration (Strehl & Littman,
2004). Once Equation 6 is solved, a greedy policy ~�
with respect to ~Q is used by MBIE to choose the next
action.

As the MBIE agent gathers experience, it is continu-
ously updating and solving its model of the world ac-
cording to Equation 6. Let C be any con�dence inter-
val computed by MBIE. We say that C is consistent if
it contains the mean of the distribution that produced
the samples for which C was computed from. For
our following analysis, we require that all con�dence
intervals|reward and transition|be consistent for all
state-action pairs over every time-step, with high prob-
ability. This condition cannot be guaranteed for �xed
values of� R and � T , as we have to allow for a possibly
in�nite number of time steps. However, the problem
can be �xed by allowing the con�dence intervals for
each state-action pair (s; a) to depend on the number
of times n(s; a) the state-action pair has been experi-
enced. In fact, setting � R = � T = 3�

2( jSj )( jA j ) � 2n (s;a )2 is
su�cient to ensure that every con�dence interval com-
puted by MBIE (on a given run) is consistent with
probability at least 1 � �=2 (Fong, 1995). Note that
� here refers to the ratio of a circle's circumference to
diameter, not a policy.

6. Basic Properties of MBIE

Several lemmas and basic properties of MBIE are now
developed. First, for long enough time intervals, trun-
cating the value function doesn't change it very much.
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Lemma 3 If T � 1
1� 
 ln R max

� (1 � 
 ) then jV � (s; T) �
V � (s)j � � for all policies � and statess.

Proof: See Lemma 2 of Kearns and Singh (2002).2

The following lemma, whose proof is omitted, helps de-
velop Lemma 5, a slight improvement over the \Sim-
ulation Lemma" of Kearns and Singh (2002) for the
discounted case.

Lemma 4 Let M 1 = hS; A; T1; R1; 
 i and M 2 =
hS; A; T2; R2; 
 i be two MDPs with non-negative re-
wards bounded byRmax . If jR1(s; a) � R2(s; a)j � �
and jjT1(s; a; �) � T2(s; a; �)jj1 � 2� for all states s and
actions a, then the following condition holds for all
statess, actions a and stationary policies � :

jQ�
1 (s; a) � Q�

2 (s; a)j �
(1 � 
 )� + 
�R max

(1 � 
 )(1 � 
 + �
 )
:

Algorithms like MBIE act according to an internal
transition and reward model. The following lemma
shows that two MDPs with similar transition and re-
ward functions have similar value functions. Thus, an
agent need only ensure accuracy in the transitions and
rewards of its model to guarantee near-optimal behav-
ior. Using Lemma 4, we can prove the following result.

Lemma 5 Let M 1 and M 2 be two MDPs as in
Lemma 4. For any � > 0 and stationary policy � , there

is a constant C such that if � = 2 � = C
�

(1 � 
 )2 �
R max

�
,

then
jQ�

1 (s; a) � Q�
2 (s; a)j � �: (7)

The next lemma quanti�es the amount of experience,
for each state-action pair, required by MBIE to accu-
rately model the dynamics of the environment.

Lemma 6 Let (s; a) be a �xed state-action pair and
suppose that all con�dence intervals computed by
MBIE are consistent. Then, there exists a positive
integer b(� ), polynomial in the relevant quantities,
such that jj ~T(s; a; �) � T (s; a; �)jj1 � � and j ~R(s; a) �
R(s; a)j � � , whenevern(s; a) � b(� ).

Proof: Using the reward and transition con-
�dence intervals, we require that b(� ) �

maxf 8[ln(2 j S j � 2) � ln( � T )]
� 2 ; 2 ln(2 =� R )R max

2

� 2 g. Although
� T and � R depend on n(s; a), we can choose

b(� ) = O
�

jSjR max
2

� 2 ln
�

( jSj )( jA j )R max
2

� 2 �

��
, and still

satisfy the required condition. 2

We've mentioned that MBIE assumes \optimism in
the face of uncertainty", meaning that the expected

return of acting in the agent's model is at least as
large as the expected return of acting in the underlying
environment.

Lemma 7 Suppose that all con�dence intervals com-
puted by MBIE are consistent. Then, for any states
and action a, the condition ~Q(s; a) � Q� (s; a) is sat-
is�ed during any iteration of MBIE.

Proof: At each step of the learning problem, MBIE
solves the MDP ~M . We prove the claim by induction
on the number of steps of value iteration. For the base
case, assume that theQ values are initialized to vmax �
V � (s), for all s. Now, for the induction, suppose that
the claim holds for the current value function ~Q(s; a).

MBIE computes two con�dence intervals. CI (R) is
an interval of real numbers of the form (R̂(s; a) �
� R

n (s;a ) ; R̂(s; a) + � R
n (s;a ) ). CI (T ) is the set of proba-

bility distributions T 0(s; a; �) of the form jj T̂ (s; a; �) �
T 0(s; a; �)jj1 � � T

n (s;a ) . By assumption, we have that
R(s; a) 2 CI (R) and T(s; a; �) 2 CI (T).

The term ~Q(s0; a0) on the right-hand side of Equation 6
is the result of the previous iteration and is used to
compute the new Q-value ~Q(s; a) on the left-hand side
of the equation. By our con�dence-interval assump-
tion, we have ~R(s; a) � R(s; a) and

max
~T (s;a; �)2 CI (T )



X

s0

~T(s; a; s0) max
a0

~Q(s0; a0)

� 

X

s0

T(s; a; s0) max
a0

~Q(s0; a0)

� 

X

s0

T(s; a; s0) max
a0

Q� (s0; a0):

The �rst step follows from the assumption that
T(s; a; �) 2 CI (T) and the second from the inductive
hypothesis. 2

7. Sample Complexity of MBIE

We can now prove that MBIE is PAC in the sample-
complexity framework. This section parallels the proof
that Rmax has low sample complexity (Kakade, 2003).
The main di�erence in our analysis is that we worked
within the discounted reward framework and allowed
for MBIE's model to be updated on every step.

At the beginning of a run, every state-action (s; a) pair
is said to be unknown. At any step of the algorithm,
the set of known state-action pairs K is de�ned to be
those (s; a) experienced at leastm times (Kearns &
Singh, 2002). For largem, any (s; a) 2 K will be
accurately modeled. The concept of a known state is
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not used by MBIE|just its analysis. In contrast, E 3

and Rmax explicitly keep track of known states.

An overview of the sample-complexity analysis is as
follows. At each timestep, MBIE follows the optimal
policy of its model ~M . Lemma 8 shows that the value
of MBIE's policy in its model is very close to its true
value as long as the probability of reaching an un-
known state-action pair is low. By Lemma 7, the esti-
mated value of its policy is at least as large, with high
probability, as the true optimal value function. Thus,
MBIE chooses its actions based on a policy that is ei-
ther nearly optimal or one with a high probability of
encountering an unknown (s; a). However, the number
of times a given (s; a) can be experienced before it be-
comes known is shown to be no more than polynomial
in the relevant quantities. Therefore, the agent will
act nearly optimally on all but a bounded number of
timesteps|it has polynomial sample complexity.

Lemma 8 (Generalized Induced Inequality) Let
M be an MDP, K a set of state-action pairs, M 0 an
MDP equal to M on K (identical transition and reward
functions), � a policy, and T some positive integer.
Let AM be the event that a state-action pair not in
K is encountered in a trial generated by starting from
state s1 and following � for T steps in M . Then,

V �
M (s1; T ) � V �

M 0(s1; T ) � vmax Pr(AM ):

Proof: For some �xed partial path pt =
s1; a1; r1 : : : ; st ; at ; r t , let Pt;M (pt ) be the probability
pt resulted from execution of policy � in M starting
from state s1. Let K t be the set of all paths pt such
that every state-action pair (si ; ai ) with 1 � i � t ap-
pearing in pt is \known" (in K ). Let rM (t) be the
reward received by the agent at timet, and rM (pt ; t)
the reward at time t given that pt was the partial path
generated. Now, we have the following:

E [rM 0(t)] � E [rM (t)]

=
X

pt 2 K t

(Pt;M 0(pt )rM 0(pt ; t) � Pt;M (pt )rM (pt ; t))

+
X

pt 62K t

(Pt;M 0(pt )rM 0(pt ; t) � Pt;M (pt )rM (pt ; t))

=
X

pt 62K t

(Pt;M 0(pt )rM 0(pt ; t) � Pt;M (pt )rM (pt ; t))

�
X

pt 62K t

Pt;M 0(pt )rM 0(pt ; t) = Rmax Pr(AM ):

The �rst step in the above derivation involved separat-
ing the possible paths in which the agent encounters an

unknown state-action from those in which only known
state-action pairs are reached. We can then elimi-
nate the �rst term, because M and M 0 behave iden-
tically on known state-action pairs. The result then
follows from that fact that V �

M 0(s1; T ) � V �
M (s1; T ) =

P T � 1
t =0 
 t (E [rM 0(t)] � E [rM (t)]). 2

The following proposition states that MBIE is PAC in
the sample-complexity framework.

Proposition 3 Let M be an MDP, A t be MBIE's pol-
icy at time t, and st be the state at timet. With prob-
ability at least 1 � � , V A t

M (st ) � V �
M (st ) � � is true for

all but O
�

jSj 2 jA jR max
5 ln 3 j S j�j A j� R max

(1 � 
 ) ��

(1 � 
 )6 � 3

�
timesteps t.

Proof: We assume that all con�dence intervals com-
puted by MBIE are consistent, an assumption that
holds with probability at least 1 � �=2. We also re-
quire � � �=vmax (� can always be polynomially re-
duced to this value if necessary). At time t, let K be
the set of known state-action pairs, speci�cally, those
tried at least m times by the agent. Recall that the
agent A t chooses its next action by following an op-
timal policy ~� of MBIE's internal model ~M at time
t. Let M 0 be the MDP that is equal to M on K
and equal to ~M on S � A � K . We now choosem =

O
�

jSjR max
4

(1 � 
 )4 � 2
s

ln
�

( jSj )( jA j )R max
4

(1 � 
 )4 � 2
s �

��
, using Lemma 5 and

Lemma 6, to ensure that jV ~�
M 0(s) � V ~�

~M
(s)j � � s for all

s. Using Lemma 3, letT = O
�

1
1� 
 ln R max

� d (1 � 
 )

�
be large

enough so that for all policies� , jV �
M 0(s; T)� V �

M 0(s)j �
� d. Let AM be the event that ~� \escapes" from K in
T steps. By Lemma 8, we have that for all statess:

V A t
M (s; T) � V A t

M 0 (s; T) � vmax Pr(AM ):

We now consider two mutually exclusive cases. First,
suppose that Pr(AM ) � � 1

vmax
, meaning that an agent

following A t will encounter an unknown (s; a) in T
steps with probability at least � 1

vmax
. Using the Ho-

e�ding bound, after O( m jSjj A jT v max

� 1
ln 1

� Q
) timesteps t

where Pr(AM ) � � 1
vmax

is satis�ed, all ( s; a) will be-
come known, with probability at least 1 � � Q . Now,
suppose that Pr(AM ) < � 1

vmax
. Note that jV A T

M 0 (s; T) �
V �

M 0(s; T)j � � s + vmax Pr(AM ) + ( �=2)vmax , which
can be seen by considering executing policyA T in the
MDP M 0 for T steps from states. As long as the agent
encounters only known state-action pairs and it main-
tains correct con�dence intervals, it will, by Lemma 5,
achieve� s-optimal average behavior (recall that MBIE
always acts according to some stationary policy ~� ).
Otherwise, the probability that it either encounters
an unknown state-action pair or computes an incor-
rect con�dence interval is bounded by Pr(AM )+( �=2),
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yielding

V A t
M (s; T) � V �

M 0(s; T) � � s � � 1 � (�=2)vmax

� V �
M 0(s) � � s � � d � � 1 � �=2

� V ~�
~M (s) � 2� s � � d � � 1 � �=2

� V �
M (s) � 2� s � � d � � 1 � �=2:

The last step made use of Lemma 7. Thus, if� Q =
�=2 and � d = � s = � 1 = �=8, then MBIE's policy is
� -optimal with probability at least 1 � � for all but
O( m jSjj A jT v max

� ln 1
� ) many timesteps. 2

The boundsO
�

jSj2 jA jR max
5 ln 3 j S j�j A j� R max

(1 � 
 ) ��

(1 � 
 )6 � 3

�
in Proposi-

tion 3 are comparable to those achieved by Kearns and
Singh (2002) and Kakade (2003) for the algorithms E3

and Rmax, respectively, especially when modi�ed to
account for di�erences in basic assumptions.

8. Conclusion

Reinforcement-learning algorithms that fully exploit
limited and costly real-world experience to maximize
their performance are crucial to the future of the �eld.
MBIE takes a step in this direction and, based on re-
cent experimental studies, appears very promising. In
comparison to known PAC algorithms, MBIE more
smoothly integrates exploration and exploitation.

We've shown that MBIE's worst case PAC bounds are
on par with those of E3 and Rmax. In doing so, we sur-
veyed the progression of PAC concepts from the reset
assumption to settings that are increasingly \online"
in that are based on state trajectories encountered dur-
ing learning. We've also discovered that algorithms
that are PAC in the sample-complexity setting are also
PAC in the average-loss setting.

Our ongoing work attempts to scale MBIE to more re-
alistic domains such as MDPs with continuous or fac-
tored state spaces. We are also working on an analysis
that will demonstrate that MBIE has a provable ad-
vantage over existing PAC learning algorithms in cer-
tain classes of MDPs.
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