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Abstract

Inspired by the combinatorial denoising methbBdDE [13], we present efficient algorithms for
implementing this idea for arbitrary contexts or for usingvithin subsequences. We also propose
effective, efficient denoising error estimators so we cahtfie best denoising of an input sequence
over different context lengths. Our methods are simplewirg from string matching methods and
radix sorting. We also present experimental results of aappsed algorithms.

1 Introduction

We have a noise-free, unknown sequente= (zi,...,x,) and the observed noisy se-
quencez” = (z,...,2z,). We assume that the noisy sequence is observed as the olutput o
a channel with known statistics. Tlienoising problenis to generate a posited given
2" and the channel statistics. A number of approaches for thergedenoising problem
are known: based on transforms such as wavelets or baseohibargy distances, etc. We
focus on a recently proposed combinatorial approach fooiderg when the channel cor-
rupting the input sequence is a discrete memoryless ch@@ML). In this case, both the
noise-free sequence as well as the noisy observationssarmead to belong to an alphabet
S of sizé" m. The authors in [13] proposed an algorithm call®dDE that relies on com-
puting for each string positior;, certain empirical distributional value based on counting
occurrences of iteontexti.e., z; ,..., % 1, 2it1,-- -, 2irx- DUDE Uses the empirical val-
ues together with the noise model to determine the likgly: The authors [13] prove that
DUDE is a universal denoiser in the sense that it asymptoticald/the same performance
as the best finite-order sliding window denoiser for bothvmilial sequences as well as for
stochastic input sequences.

Our research here is inspired by the elegance and effeesgeof DUDE and moti-
vated by the following concerns. First, the algorithm asspréed in [13] takes tinte
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O(nk/log,, n + nm?). This is quite efficient for small contexts (sayk = o(log,, n))
and smallm’s, but we have several examples we later show where the besiging is
obtained for significantly largé. Therefore, we need to choose the best context length
when we are not necessarily in the asymptotic regime forngimput sequences. Unfor-
tunately, fork = w(log,, n), the running time is superlinear im Second, how do we
find the suitable context length, or even thigtimal one, that is, one that minimizes the
error between the denoised sequence:d@dFor this, we need efficient methods to deter-
mine the cumulative loss function that quantifies the dengisrror of DUDE for a given
context lengthk. Since this loss function depends on the unknown inputwe need to
have estimators for the loss function that depenty on the observed noisy sequende
Recently in [10], an estimator for the cumulative loss fimtthas been presented for the
denoising error; however, it is rather expensive, takingeti) (nm®), and hence more effi-
cient estimators are needed specially for large alphabessFinally, it might be possible
to denoise portions of the sequences using different coleegths locally or it might be
useful to denoise only a portion of the noisy string usingected context length. Hence,
rather than denoising the entire sequentavith a single context length, a flexible way
is needed to browse through the sequetitand explore data structures that enable the
denoising of particular portions of the noisy sequencegispecified context lengths. This
is the denoising analog of the problem of compressing sulgststudied in [1].

We address these concerns by studying a general data salyatablem for subse-
guence denoising usiMgJDE. Formally, we study the following problem.

Problem 1 We have a sequencé and a noise model in the form of a probability tran-
sition matrix. We are allowed to preproces’s to build efficient data structures to sup-
port DUDE- DENO SE(7, j, k) query that denoises the portidh j] with contextk spec-
ified in the query, oDUDE- CONTEXT (7, j) which returns the context size such that
DUDE- DENO SE(, j, k) has the smallest error w.rit"[7, j].

This is a general problem and we can qu&yDE- DENO SE(1,n, k) to solve the
original denoising problem in [13] dUDE- CONTEXT(1, n) to find the best context length
for the sequence™ or search for these for any contiguous subsequénge Our main
results are as follows.

e For supporting the queUDE- DENO SE(1, n, k), we present & (n + C,m) time
andO(n) space algorithm, whei®; is the number of distinct contexts féor C, < n,
often significantly smaller. This is nearly linear in) independent of the context
lengthk whereas the previous algorithbUDE takes2(nk/ log,, n) time.

e We extend the algorithm above to support quBkyDE- DENO SE(3, j, k) in time
O(]j — i + 1|loglogn + Crm) whereC;, is the number of distinct contexts farin
2"[i, j], foranyl <i < j <n.

e We present for any context size measures for characterizing the denoising error
using only the noisy observations. We propose a denoiséorpance estimator

k because operating @& + 1 long strings for state names and pointers needs as many RANswo



having onlyO(n) complexity. As we show by an experimental study with syrithet
and real data sets, we can derive an accurate performamoatstfrom it. This can
be combined wittDUDE- DENOl SE(i, j, k) to solve theDUDE- CONTEXT (i, j).

All our results are fairly simple algorithmically. They usatural string matching tech-
niques together with simple data structures and repeaté sarting. They are highly
efficient to implement.

In Section 2, we will present preliminaries and reviBWDE [13] as well as the cu-
mulative loss function error estimator proposed in [10].Skction 3, we will present our
denoising algorithms and in Section 4, we will present ouraikeng error estimator and
performance results. Concluding remarks and open prokéeenis Section 5.

2 Preliminariesand background

2.1 Notation

For simplicity we will define the denoising problem on the gamput and output alphabet

S, with the alphabet size: il 'S|. Therefore the noise-free sequernes, ..., z,), and

the observed noisy sequengs, . . ., z,,) belong to the alphabel. We will denote the n-
length sequenceé, . . ., z,) by 2" and also denote a contiguous sub-sequégge. ., z,)

by z[p, q]. We denote the probability transition matrix of the diseretemoryless channel
(DMC) corruptingz™ by them x m matrix Q, where theQ(p, q) is the probability of
observing the output to be thep'” alphabet when the input was theg’ alphabet inS.

We want to design a denoiser as defined in [13] which is a mappih: S* — S from

the observed noisy sequenceto an estimate of the noise-free sequence. The denoised
sequence is denoted ky, ..., %,) which as defined above, will be a function of the
observed noisy sequenecé. We define a cumulative loss function between the denoised
sequence and the underlying noise-free sequence as [13]

R I )
L(a",i") = =~ Alwi, ), 1)
=1

where in the loss matrid , A(p, ¢) denotes the loss incurred by estimating theinput
symbol as thg'* denoised symbol in the alphak®t For many cases we use the Hamming
loss matrix, which use&(p, ¢) = 1 — 9, ,, whereg, , is the Kronecker delta function.

2.2 DUDE algorithm

In [13], a discretainiversaldenoising scheme was introduced. The scheme took two passes
over the noisy observation. The first pass collects the ecapprobability distribution,

m(z", 0%, ) [p] = ‘{z h+1<i<n-—k2t= bkﬁck}‘ (2

[

for a single letter i™ occurring within a double-sided conte@, ¢*) of length2k sym-
bols. Given the known probability transition matrix of th&IZ, this empirical probability



Figure 1: Best context length is larger thy;lh)gm(n) (given by the vertical dashed line).

is used to compute an estimate of the posterior probabifithe® input symbol given the
noisy observations within a double sided window (conteXi#)e denoising occurs in the
second pass where the noisy observation is parsed sedlyeatid replaced by the de-
noised sequence’ as,

T; = arg rqpelg m’ (2", zf:,i, zf]:f)QfT [)\55 ® qZ:] 3)

where® component-wise multiplication of vectors,, is thez;th row of the channel ma-
trix Q, and)\; is thezth column ofA. This scheme is proved to asymptotically have the
same performance as the best finite-order sliding windovoidentuned to the clean se-
guence and the observed noisy sequence. The main compdrteet DUDE algorithm
[13] is to collect the empirical counts as in (2). The first @bstion we make is that for
some sequences (in particular sequences of higher ord&soMprocesses) it might be of
advantage to chose a larger context length as shown in Figure

2.3 Lossfunction estimation

Since we do not have access to the underlying noise-fre@eequto evaluate the denoiser
performance, we need to be able to estimate the loss fundéfimed in (1) using only the
observed noisy sequence. Such a loss function estinigfef', ") was proposed in [10]
and recommended the approximation

La(z",3") =) > m(z" Bosi5) > QN (B2) > A, g")Q(z.2)  (4)

s1,8r BEA reA z€A

where the notation is taken from [10]. In order to evaluajewd would need)(nm?)
computation since each change in the count results in nex&tstg the denoised value.

3 Denoising algorithmsusing string matching

We first consider supportinBUDE- DENOI SE(1, n, k) and letz[1...n| be the input se-
guence (also referred to as the string). We will assume thteablet has been renumbered
1.m,m <n.



Our overall algorithm is as follows. We will computeameF (i, —k) for z[i—k,i—1);
this will have the property that'(i, —k) = F(j, —k) iff z[i — k,i —1] = 2[j — k,j — 1].
Similarly, we will compute a namé’(i, +k) for the substring of length to the right of
i. All names will be small integers..O(n°), for some small constarn{ often1. Then,
we will generate a tupléF'(i, —k), F'(i, +k), z[i]) using radix sorting. As we go down the
list, we can generate for each distiniét(i, — k), F'(i, +k)), the count of different symbols
in-between, thereby reducing the list to sizefor subsequent steps.

Radix sorting takes timé&(n) and constant number of passes over the input. We will
first describe the naming step in more detail and then theisi@agastep from the empirical
distribution. We will present three solutions for naming.

Solution A. (Randomized algorithm) This approach is quite simple. We use a fingerprint
function [7] on substrings of lengthk + 1 of string z” which has the probability that
given the fingerprintf (z[i — k,i — 1]) of substringz[i — k,i — 1], f(z[i — k,i — 1]) =
f(zlj—k,j—1))if z[i — k,i— 1] = z[i — k, 7 — 1] and with probability at most — 1/n¢,
f(zli —k,i—1])= f(z[j — k,j = 1)) if 2[i — k,i— 1] # z[i — k,i — 1], for any constant

c specified by the user. These fingerprints can be computéxdrin time in one pass and
buffer space) (k) as shown in [7]. This gives a linear time algorithm using bufpace
O(k) of words each in the range(logn). The algorithm succeeds with high probability
because of the low probability of error in the fingerprintdtian.

Solution B. (Deterministic naming). This will follow the ideas in [6]. Without loss of
generality we will focus on giving names to strin + 1,7 + k|. Our algorithm proceeds

in rounds. Injth round, we will have names; for the strings:[i+1,i+27] for j = 0, ...,
wherel is the largest power dfthat is no larger thah. Allnames will be in the rangg, n].
Trivially, we have names fof = 0 from our assumption. Now, assume we have names
at the end of round — 1 and we will show how to assign names to appropriately longer
substrings in roung. We generate tuples = (N, _q(z[i+1,i4+277"), N; 1 (2[i+27 "' +1,

i+ 2771+ 2771))) for eachi. We sort them by radix sorting and assign the location in this
sorted order of earliest tuple that is the same as NV, (z[i + 1,7 + 27]). Since we have no
more tham tuples in each round, the names will continue to be in theeana|. Finally,
whenk is not a multiple o2, we need an additional round where we think pf+ 1, + k|
asz[i+1,i+2', z[i+k—2',i+k]) and do another naming by radix sorting. This algorithm
takesO (n log k) time, O(log k) rounds and) (n) memory of words of sizé&(logn).

Solution C. We will present our most efficient, deterministic algorithm

We will focus on giving names to substrings + 1, + k] first. We will construct the
suffix treeT" of stringz"”. A number of algorithms exist for suffix tree constructiorheT
earliest result is [3] and a simple one is [5]; several im@atations existe.g.,[12]. This
takesO(n) time deterministically for alphabét.n‘ for any constant.

Recall that the suffix tree is a rooted trie with each edgelémbby some substring
z[i, j|. Define thestring depthof nodev denoteds (v) to be the sum of lengths of substrings
labeling the unique path from the root#o

The algorithm is a depth-first search Bfwhere we do not explore any nodewith
o(v) > k once it is encountered. The tree we get is the truncatedoretsaf 7' such
that each leaf, haso(l;) > k. We will name each leaf in from 1...n uniquely. Further,
each suffixz[i, n] is a leaf inT" that descends from precisely one of the leay@s in ¢.



We will assign the name df(i) as the name for the stringi,i + k& — 1]. It is easy to
see that this naming has all the desirable properties. lerdaodassign names for strings
z[i—k,i— 1], we do the same procedure as above but reverse the stratghe beginning.
This algorithm take$)(n) time and space, and mak&glog n) rounds (in the suffix tree
construction partj.

Now we turn to the denoising part. For each distinct contéxti, —k), F'(i,+k))
from the list of sizeC;, we consider the frequencies of various alphabet symbal S
found in-between the context'(i, —k), F'(i, +k)) throughout the string™ and denote it
f(F(i,—k), F(i,+k), ). Now we perform a vector multiplication given by equation (3
and determine the most likely symbol to replace all thoseioeaces ofy. All functions
f(+)’'s can be computed i(n) time and the vector multiplication tak€g(m) time per
uniquef(-), soCym time in the worst case in all. Summarizing our discussioraso f

Theorem 2 A given stringz" and probability transition matrixQ, denoising byDUDE
algorithm can be implemented in tini&n + C,m) deterministically using suffix trees or
with high probability by randomized Karp-Rabin fingerpsmr in O (n log k + Cym) time
by deterministic naming.

Finally, we studyDUDE- DENO SE(3, j, k). The algorithm for this problem will follow
the outline above, but now our challenge is that given thissuée 7" of 2" built during the
preprocessing, we need to naordy the positions in:, j| for the query context. We could
ignore the suffix tree altogether and reactin— k, j + k| and run either the randomized
or deterministic naming methods, but we will propose a méfreient way using the suffix
tree. The algorithm considers each position < ¢ < j, in turn. For eaclf, we need to
determine the ledf(¢) in the truncated tree We do not have the time to perform a depth-
first-search of the suffix tree, instead, we will obtaif?) directly by posing a question
about\WA(lr (), k) wherelr(?) is the leaf inT that corresponds te[¢, n] and\WA(v, [) for
leaf v and integer, return the deepest node T with string depth at most that is an
ancestor ofv. Here,WA stands for the weighted ancestor for the obvious reasonnbat
seek the ancestor ofwith weighted depth close tb It is clear thatWA(l(¢), k) = 1,(¢).
Thereafter the algorithm is identical to above, but we onbyrkvon the induced tree
obtained byWA(lr(¢), k) for ¢, < ¢ < j. The bottleneck is the procedure for computing
VWA(lr(€), k) which currently take®) (loglogn) time per/ using [4]. Summarizing,

Theorem 3 A given stringz" and probability transition matrixQ which can be prepro-
cessed, a querUDE- DENO SE(i, j, k) can be answered in tim@(|j — i + 1| loglogn +
Crm) deterministically using suffix trees whetgis the number of distinct contexts fér
in [i, j].

3This is philosophically interesting since suffix tree doeteptially much morei.e., sort all the suffixes
of a string, and using it to only name the substring,, partition them into equivalence classes based on

equality, may seem to be an overkill, but we do not yet knownaDén) time deterministic algorithm for our
problem without using the power to “sort” the suffixes.




4 Algorithm for DUDE- CONTEXT(1, n)

First we will present estimators for denoiser performarnceahy given context in Section
4.1. We present how such estimators can be used to find thealptontextt necessary
for DUDE- CONTEXT(1, n) in Section 4.2. Finally in Section 4.3 we present experiralent
results orDUDE- CONTEXT (1, n).

4.1 Lossfunction estimators

We propose an alternate measure to the ones proposed indf)3rthat tries to capture
the performance of the denoiser given only the noisy observa
Note that the measure (which was observed in [13])

. o1 1w
L] (-Tn, r ) - Z )‘Z‘W(u[fk,k})qZ[O} © Q lm(z ,U[*k,‘, 71]7 “‘[17 kD’ (5)

" u[—k,k]eS2hH1

can be very efficiently computed usiaym?C,) operations computed using the observed
noisy sequence. The drawback of this estimator is that ictsi@te only forkm? =
o(n/logn), which makes it unattractive f@UDE- CONTEXT (1, n).

In order to remedy this we propose a measure which is baselgeoguiestion of how
well the denoised sequence “explains” the observed nogyesee. Therefore, we esti-
mate the empirical channel transition probability ma@imssuming the denoised sequence
2" as the input and the observed noisy sequeticas the output. If the denoiser is per-
forming well, i.e., is close to the noise-free input sequente the estimat&) should be
“close” to the known transition probability matri®. Thus, an appropriate functibrf of
(Q— Q) should give a measure of how well the denoiser is doing. Toerave propose
to use the measure X X

Ly(a",2") = f(Q - Q), (6)
to determine the performance of the denoiser using the véd@oisy sequence alone. We
used several matrix norms such as thend Frobenius norms in order to evaluate this
measure. Note that this measure only captures the behdvloe cumulative loss function
but does not predict the loss function accurately. Nevetise this estimator can be used
to predict the context size for which the denoising error is minimized, as we show in the
numerical experiments in Section 4.2 even for large corgds. The advantage of this
scheme is that it can be efficiently computed uging) computation.

4.2 DUDE- CONTEXT(1,n) algorithm

Given a maximal context siz&,,,,., the algorithnDUDE- CONTEXT (1, n) does the follow-
ing: i) For each contextlength= 1, ..., K,,,, run theDUDE- DENO SE(1, n, k) denoiser

4Consider a Bernoull) source corrupted by a BSC with crossover probab#lifg, § < 1/2) and Ham-
ming distance as the loss function.dlf< 6, 2" = 2", L(z",2") "=% § andQ — Q ~ & [ 11 —11
6(1 —24) )
—60(1—-20) (1-96) |

Similarly if § > 6, 2" = 07, L(z", ") "=3° f andQ — Q ~



Loss Function

(a) kopt > ]§ logm (77) (b) k’OPt < % logm (n)

Figure 2: Comparison of behavior of actual loss functioand estimated measutg. The
dashed curve is the measure of the denoiser performanadereas the solid curve is the
true cumulative loss function. The vertical line indicates 1 log,,(n).

algorithm. i) Evaluate the denoiser performance meadtyre= L. for the given context
length.iii) Pick the context length with the smallest measbye

In order for this algorithm to perform well, we need to shoattthe measuré, given
in (6) accurately captures the behavior of the loss functidote that this measure does
not give the actual cumulative loss function but just the bebrags illustrated in Figure
2. We compare its behavior with the actual loss function asteh using the noise-free
input sequence and find that both when the best context:sizesmaller and larger than
5 log,,(n) the trends were well captured by this measure. This behavasrfairly con-
sistently observed across a wide variety of data sets usegharticular, in Figure 2(a) we
generated a binary Markov source of ordéand of lengthn = 10°. The context sizé for
which the denoising error is minimum is larger th?h)gm(n). Similar behavior was ob-
served in other higher order Markov sources generated asyb@uto-regressive processes
as well. However, for lower order Markov processes or preegsvith shorter memory, as
one would expect, short context sizewsere sufficient to get good denoising performance
as illustrated in Figure 2(b). The estimate of the denoisefopmance usind., followed
the behavior of the actual cumulative loss function as seguré 2.

4.3 Performanceresults

In this section the performance BUDE- DENO SE(i, j, k) and DUDE- CONTEXT (i, j)
implemented using the string matching algorithms desdribe&ection 3 is evaluated over
several data sets. We use two types of data setSynthetic data sets generated using
Markov processes of given ordeii) Text data set obtained from Project Gutenberg by
concatenating the works of Leo Tolstoy. Figure 3(a) plots plerformance of running
DUDE- CONTEXT(1,n) on synthetic data generated by a first order Markov source cor
rupted a symmetric DMC. The same source was used in anoteearse in Figure 3(b)
where the channel is an asymmetric binary channel. USUigE- CONTEXT (1, n) and the
loss estimator.,, we can pick out the optimal context size in both these cabesig-
ures 3(c)-(d), the performance DUDE- CONTEXT (1, n) is demonstrated for text sources,
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(a) Binary Markov source and BSCQ) (b) Binary Markov source and asymmet-
ric DMC.

(c) Text data with more noisy DMC (d) Text data with less noisy DMC

Figure 3: Plots for data sets obtained from text and synttiuetia for various DMC's. The
dashed curve is the measure of the denoiser performanadereas the solid curve is the
true cumulative loss function. The vertical line indicates 1 log,,(n).

where the alphabet sizeis = 26. For these large alphabet sizes, an efficient estimator of
the loss function becomes important. In this case we sawrafisgnt computational ad-
vantage of usind.» over previously proposel; [10], whereas the behavior of the denoiser
performance prediction seemed to be close for datasetsiezdm

5 Concluding Remarks

There has been a rich history of interplay between stringhiiag methods and compres-
sion [11, 2, 8], so our work in this paper adds to this lore. &mtigular, string matching
methods in [2, 8] use the context like we do here, but do argiffe elaborate search within
many contexts for a particular position in order to perfommgpression.

Our work also leaves open a number of technical problemsweashesign a determin-
istic algorithm for the naming of substrings of lendtim O(n) time andO (log k) rounds?
We suspect it is possible but one may need to go into the gUfg of [9] and use2 — 3
naming or2 — 4 naming respectively. A conceptual question is to develogféective
denoising method in presence of noise comprising insedsdatetes. Also, it will be of
interest to extendUDE to do block-based denoising for block sizBs There is also the



interesting technical problem of whether preprocessiegptiobabilistic transition matrix
can solve the repeated vector multiplications more efftoyethan the complexity bound
we have quoted. Also it might be important to develop dengisilgorithms when the al-
phabet sizen is large, perhaps comparable to the sequence lengiinally, other novel

efficiently computable cumulative loss function estimataith provable properties will be
useful to choose the appropriate context length.

References

[1] G. Cormode and S. Muthukrishnan. Substring compressiohlems. To appear iAroc. ACM
SODA, 2005.

[2] Z.Cohen, Y. Matias, S. Muthukrishnan, S. Sahinalp, ¥. @n the temporal HZY compression
schemeACM-SIAM Symp. Discrete Algorithms (SOD2)00, 185-186.

[3] M. Farach-Colton. Optimal Suffix Tree Construction withrge AlphabetsFOCS 1997, 137-
143.

[4] M. Farach and S. Muthukrishnan. Perfect Hashing fom§si Formalization and Algorithms.
CPM 1996: 130-140.

[5] J. Karkkinen and P. Sanders. Simple linear work suffbayronstructionProc. 30th Inter-
national Colloquium on Automata, Languages and Prograngnfi@ALP '03), 2003, LNCS
2719, Springer, pp. 943-955.

[6] R. Karp, R. Miller and K. Rosenberg. Rapid identificatiohrepeated patterns in strings, trees
and arraysProc. 4th Ann. ACM Symp. on Theory of Computit@72, pp. 125-136.

[7] R. Karp and M. Rabin. Efficient randomized pattern-maighalgorithms.IBM J. Res. Dey.
1987, 31(2):249-260.

[8] Y. Matias, S. Muthukrishnan, S. Sahinalp and J. Ziv. Awmting Suffix Trees, with Applica-
tions. European Symp. on Algorithms (ESA998, 67-78.

[9] S. Muthukrishnan Simple Optimal Parallel Multiple Rati Matching.J. Algorithms 2000,
34(1): 1-13.

[10] E. Ordentlich , M. Weinberger and T. Weissman. Efficipnining of bi-directional context
trees with applications to universal denoising and congioes IEEE Information Theory
Workshop (ITW)San Antonio, Texas, Oct 24-29, 2004.

[11] M. Rodeh, V. R. Pratt, S. Even. Linear Algorithm for D&ampression via String Matching.
J. ACM 28(1): 16-24 (1981).

[12] S. Skiena. Code: http://www.cs.sunysb.edu/ algfiids/suffix-trees.shtml;
http://www2.toki.or.id/book/AlgDesignManual/BOOK/BOK3/NODE131.HTM.

[13] T. Weissman, E. Ordentlich, G. Seroussi , S. Verdu andAidinberger. Universal Discrete
Denoising: Known Channel, IEEE Transactions on Infornrafibeory, to appear. Most recent
version available at http://www.stanford.edugachy/pdffiles/finalversion.pdf



